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ABSTRACT

This is a report of an advisory conference of a
National Science Foundation project. The project was initiated to
provide a guide to available instructional materials and resources
for teachers vho want to expand their knowledge of subject matter,
teacher methods, or the interplay between mathematics and other
disciplines. The main thrust of the project has been to develop
materials for teachers of mathematically uninvolved students, with
enphasis on performance levels equivalent to grades six through nine.
The purpose of this conference vas to receive reactions and
reconmendations from a broad spectrum of people, including directors
and staff members of previous curriculum projects, supervisory level
personnel from various cities, practicing teachers, mathematicians,
scientists, and educators. Conference plans included five initial
working groups on: content, applications, diagnosis and evaluation,
didactics, and teacher utilization. This report includes an initial
position paper on each topic, along with subsequent recommendations.
Also included are recoammendations made by seconaary working groups
established during the conference on the topics: organization and
staffing policy, format and style, probler solving, calculators, and
computers. (This conference report does not include, however, the
actual guide to instructional materials and resources.)
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September 9, 1974

L.0. Binder, Head

Materials and Instruction Development Section
Education Directorate

Division of Pre-College Education in Science
National Science Fourdation

Washington DC 20550

Dear Larry:

This is a report of the advisory conference of the National Sclence
Foundation Preject: Topical Resource Books for Middle School Mathematics
Teachers (NSF #GW-7910). The conferance was held on June 9 - 12, 1974 at
the Eugene Hotel in Eugene, Oregon. A description of the project plan is
included in the enclosed materials.

The purpose of the conference was to receive reactions and recommenda-
tions from a broad spectrum of people who have experience and insight into
the problems of teaching school matlematizs., As it i1s reflected by the en-
closed list of participants, the ccnferance was atteuded by directors and
others involved in previous curriculum projects, as well as representatives
at the supervisory level from various cities, practicing teachers, mathema-
ticians, scientists and educators.

The plan for the conference focused on five initial working groups on
the topics: Content, Applications, Diagnosis and Evaluation, Didactics and
Teacher Utilization. Five people were invited to write position papers -
one for each of the initial working groups. These papers along with the
Project Description were sent te each participant prior to the conference.
The working groups reacted to these papers and made recommendations to the
project staff. These papers and recommendations are included in the enc-
losed materials.

The sequence of activities at the conference consisted of a global dis-
cussicn of the conference goals and position papers on the evening of June 9,
1974, On Monday, June 10 there was a report by the director on the project
plan and progress to date. Then the five initial working groups met to dis-
cuss the position papers and topics of concern to their groups. That evening
there were reports by the five working groups on rthe status of their delib-
erations. These reports then reccived reactions by members of the other
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working groups. Tuesday morning the initial working groups reconvened to
vonclude their deliberations and make rccommendations. The entire group

came topether before lunch to discuss these recommendations and to reorganize
into five secondary working groups on topics which the participants theught
would be of interest to the project staff. 1In the afternoon Professor Wayne
Wwicklegren gave a presentation on problem-solving, a topic which should pervade
all of the proposcd resources. Professor Wicklegren has developed his ideas

in a book entitled How to Solve Problems. Following this the secondury
working groups met and discussed the topics: Organization and Staffing Policy,
Format and Style, Problem-Solving, Calculators, and Computers. Recommendations
from these groups are enclosed. Wednesday morning there was a global dis-
cussion and concluding remarks. The conference terminated at noon on Wed-
nesday, but some participants stayed on for further discussions.

T am most enthusiastic when I say that the conference was an extremely
worthwhile endeavor, Every participant came here with concerms about the
plan for the project. They openly engaged in discussion and made recommend-
ations which have been helpful to m~ and will, T am certain, continuc to be
helpful to the project staff. Special recognition should be given to the
five participants who wrote position papers for the initial working groups:
Dr. Robert Davis, Professor Maynard Thompson, Professor Larry Hatfileld, Prof-
essor William Fitzgerald and Dr. Albert Shulte. Their excellent papers were
well received by all members at the conference.

It was valuable, 1 believe, that all participants were candid in the
expression of their knowledge a~<i experience. Theories by college personnel
were challenged by practicing teachers and supervisors. Current school prac-
tices were, in turn, challenged by scientists and educators, and there were
suggestions lor the inclusion of he-etofore nonmathematical considerations
into mathemertics curricula.

In sinmmory the advisory conference by its recommendations approved of
the intent and plan of the project and gave further direction to the project

staff.
Respectfully submitted,
‘ D g
Alan k. Hoffer
Project Director
ARH :km

cc: Lauren L. Woodby, Program Manager
Materials and Instruction Development Section

iv




PROJECT DESCRIPTION

TOPICAL RESOURCE BOOKS MATHEMATICS TEACHERS

By ALAN HOFFER and TED NELSON
Department of Mathematics
The Univevsity of Oregon
Eugene, Oregon

1. The Problem

A secondary school tecacher of mathematics meets classes 25 to 30 hours
per week and works with approximately 150 students. Within this assipnment
the teacher regularly collects and corrects homework papers, grades weekly
tests for each student, tutors students individually before school, durinp
the lunch pericd and after school, confers with parents and counselors, and
sponsors student groups. The teacher is often expected to supervitce the
school grounds and be present during assemblies, athletic events, open
house demonstrations, and meetings of the parent-teacher organization. A
beginning teacher may supplement a low salary with a part-time job and male

teachers are often asked to assist in coaching athletic teams.

The toial demands upon a mathematics teacher make the job appear near-
ly an impossible task. As a result the teacher rarely has the time to ex-
tend his or her mathematical knowledge or to gain familiarity with new teach-

ing techniques and innovative materials. During the summer wonths a teacher,

if not working at a summer job, may take collesg2 courses to apply toward
advance certification or higher placement on a salary schedule. The courses
may be in advanced mathematics or educational theory, lacking synthesis,
they often have little direct application to the teacher's school assignment.

Inservice programs at colleges and universities have overall made a worthwhile



contribution. However, colleges simply do not have the resources to re-train
or up-date all of the sccondary teachers in the country much less induce

them to return to campus. It is noteworthy that the National Council of
Teachers of Mathematics places at least one annual meeting within 500 miles
of each teacher in the country. These meetings have presented some excellent
lectures, discussions and workshops. The displays at the larger meetings

by commercial publishers, funded curriculum projects and the NCTM have dem-
onstrated an abundance of new material. In spite of an increasing member-
ship, a large percentage of mathematics teachers do not belong to the NCTM
and many teachers have never attended an NCTM meeting to avail themselves

of a two-day inservice experience.

In the important middle school years there are additional problenms.
Here we find many teachers with a very weak mathematics backpround - there
wlll]l svems to be the belief on the port of some administrators that anyonc
can teach middle school mathematics. Many of these people became middle
school mathematics teachers when there was a shortage of teachers and they
now have tenure in those positions. On the other hand we have middle school
tcachers with adequate secondary mathematics credential but little prepara-
tion to diversify their teaching methods for students in these importanmt
transitional years. They learned their mathematics from textbooks and lectures
and they teach middle school mathematics via textbooks and lectures. As a
consequence, and because of a lack of awareness of alternatives, teaching
in most mathematics classrooms is dictated by a linearly ordered textbook.
Fast learners become disinterested while the slow learners are frustrated.
Efforts to effectively individualize learning are severely restricted and
often degenerate to a 9000 minute contest with programmed materials., Problem
solving and creativity are usually non-éxistent as are delightful mathematical
ideas and instructive applications. Students are placed into the traditional
college bound (calculus prepara.ory) sequence or in remedial courses while
innovative materials, capable of producing alternative mathematics courses,

g0 unused.

We have then, on one hand, a harassed teacher lacking the confi-ence,
time and local resources for self-improvement and, on the other hand, an




ocean of new materials and pedagogy which are available and desparately in
need of synthesis. To one not well versed with the recent materials it may

be difficult to convey in this paper the quantity and, in many instances, the
excellent quality of the available resources. Mention is made later of an
intensive eight-week workshop which was held during the summer of 1973 at

the University of Oregon for master secondary school mathematics teachers,

The workshop was held in the Mathematics Resource Center of the University

of Oregon. The Resource Center is stocked with several thousand dollars worth
of a variety of instructional materials all of which were published since

these teachers completed thelr pre-service training. There are commercial

instructional materials for metrication, laboratory activities, simulation
activities, comprehensive problem solving situations, games and puzzles.

The NCTM has several excellent publications, for instance, the series Exper~
iences in Mathematical Discovery. Tdeas for curriculum improvement are
contained in some government-funded projects such as COLAMDA, CSMI', the
Madison Project, MAGIC, the Oakland County Mathematics Project, SMSG, UICSM,
UMM (Teachers College, Columbia University), and WYMOLAMP. From England

we have the School Mathematics Project, the Kent Maths Project and possible
extensions of the Nuffield Project materials. Applications from the sciences
are availlable in the projects ESS, IEP, 1IS, IPS, SAPA, SCIS and extensions
of the USMES materials.

The problem of concern in this project is that teachers largely lack
awareness of available instructional materials and resources and ways to
translate these materials to use with their students. In addition, there
are mathematics teachers nation-wide who have not been reached by inservica
programs and who continue to be deficient either in subject matter know
ledge, didactics or the interplay between mathematics and other disciplines.

I1. The Need for Orpanized Resource Materials

The promise that new curriculum projects and new textbooks would solve
the problems of teaching mathematics has apparently not been fulfilled.
Four recent government sponsored conferences (at Lape Ann, Estes Park, Orono

and Snowmass) have addressed themselves, either directly or indirectly, to



the problem of mathematics education. A perusal of the conference summaries
scems tv indicate an urgent need to help teachers expand their notions
regarding teaching activities and content in order to moce effectively

deal with contemporary issues and developments in mathematics education. The
recommendations of the conferences seem to fall equally into three areas: new
emphasis in content and applications, didactics, and problem solving.

1. New Emphasis in Content and Applications

The new emphasis most frequently mentioned is a shift toward mathematics

for reneral education, for the training of citizens who may successfully
participate in soclety and, possibly, a shift away from a primary focus on
the training of college bound students who may use mathematics as a post
secondary school studies, There is a call for increased use of estimation,
approximation, statistics, probability, calculators and computers, and prac-

tical uses of mathematics in society, science and technology.

2. Didactics

The strong emphasis on didactics in these reports is apparently a consequence
of the lack of attention given to this area by curriculum reforms in the last
two decades, It was recommended in these conferences, as well as in the recent
recommendations by the CUPM, that mathematics teachers must have more knowledge
about how children learn mathematics, about the effective use of laboratory

activities and manipulatives, and various classroom teaching techniques.

3. Problem Solving

Although the ideas of problem identification and Problem solving strategles
might be listed under didactics, the urgency to develop this area - stressed
in all of the conferences but most eloquently in the Estes Fark Conference -
deserves a categor of its own. The comprehensive problem—-solving approach
suggested in the Estes Park report must be part of each mathematics teacher.

Are teachers prepared to accept these recommendations? Indeed, a more
poignant question is, are teachers willing to accept these recommendations?
Curriculum revision in the schools has hardly called upon the experiences

and recommendations of school teachers. In many ways teachers have been




entirely left out of the decision making prucess, They have been led to
believe that they have little if anything to say about what mathematics should
be taught and to whom. Each new textbook series is imposed upon the teacher
and students and there develops a contest to "cover the book,"” in some form

or other. Each new textbock adoption leaves unchanged,.and indeed further
regresses, the basic attitudes and pedagogy of the teacher. It is evident

that there will be no curriculum change, in practice, unless and until teachers
change their attitudes and teaching techniques. There is evidence even today
of teachers who teach rote techniques (as they may have learned them) in

spite of the fact that their textbooks develop the ideas quite differently.

During the summer 1973 the project directors conducted an intensive
clpht-week Leadership Workshop for Mathematics Teachers of Educationally
Uninvolved Students sponsored by the Oregon Mathematles Education Council.
The participants were selected for their strong mathematical backgrounds,
experience and leadership potential. The major effort for the summer was to
help the teachers gain familiarity with new instructional materials. We soon
realized what an enormous effort it was to collect, organize and synthesize
even a small part of the available instructional materials. Even more sur-
prising was the total lack of familiarity that these teachers had with the

existing materials.

In discussions with middle school and secondary school teachers through-
out the country it becomes apparent that teachers are asking for help -
but the kind of help they can readily accept - not Just another textbook
change or new curriculum project. Most teachers have never heard of the
Madison Project, for example, and many of those who have do not know how
to use the materials in their program, Many teachers will claim that there
are mo materials for "low achievers" or uninvolved students and they are
quite surprised to learn about the COLAMDA Project, Stretchers and Shrinkers,
or Experiences in Mathematical Discovery, for example. Several teachers
have contacted the participants in the 1973 Leadership Workshop askiag for
materials which may have come out of the workshep. Many o% the workshop

participants have made efforts to adapt and organize materials from the




workshop, and they have found this to be so useful that other teachers in

their schools have asked for copiles.

Injeed there seems to be a demund for organized resource materials -

to help teachers effectively help themselves and their students.

111. Project Description

The project is concerned with the preparation of resource books for
middle and secondary school mathematics teachers with emphasis on performance
levels equivalent to grades six through nine. The project staff will primarily
consist of four experienced school teachers working full time along with the
project director (A. Hoffer) and assistant director (T, Nelson). Wnrk on the
project will take place in conjunction with the Mathematics Resource Center
of the University of Oregon. The main thrust, at least initially, will be to
develop materials for teachers of students who are mathematically uninvolved
{ in the broadest use of the term). This does not mean that the materials
are limited to low ability students nor does it exclude the possible use of
books at the high school level. As the project develops resource books may
be generated which act as catalysts for alternative and possibly new math-

ematics courses at the junilor and senior high school levels.

It is anticipated that the teachcr-oriented resource books may be used

for:

1. Inservice.
There will be an analysis of the mathematical content to provide the
teacher with a deeper understanding of the topic of the book and possible
ways to modify the available material and extend or relate the topic to
other areas. There will be a discussion of didactics including teaching
strategies, motivational methods, learning difficulties and learning
theories - with appropriate reference and emphasis on the affective

consequences of the learning environment.

2. Resources.

This will consist of a survey and synthesis of materials and activities



which pertain to the topic of the wook inziuding student worksheets,
project assignments, and appropriate developmental and enrichment
activities (manipulatives, games and simulation activities). Some
pages may be reproduced for !mmediate .ilass use, and there will be an
annotated bibliography. Resources will also in-lude skill development
programs, diagnostic techniques, and evaluation procedures.

3. Problem Solving.
This will include the use of language and logic in understanding, re-
formulating and solving problems pertaining to the topic of the book.
The interdisciplinary aspect of problem solving will be emphasized, and
applications of the topic will be made to soclal and physical sciences

as well as to consumer and vocational questions.

For easy teacher reference the topics and titles of the resource books
will be compatible with the topics in current mathematics curriculum projects,
state and local syllabi and textbooks. Each book will develop the topic
from first principles to more involved concepts and applications. Emphasis
will be placed on the use of logic, language and flowcharts in communicating,
interpreting, organizing and applying mathematical concepts; on methods and
activities in building skills and diagnosing weaknesses; on comprehensive
problem solving situations and activities; on uses of mathematics in careers,
consumer problems, society, science and technology; and on applications of

computers,

The books will contain examples of and suggestions for the use of
measuring instruments, drawing and constructing instruments, slide-rules,
hand and desk calculators, computeis, manipulatives, games and puzzles. There
will be descriptions of various manipulatives - their uses, sources for purchase
and ways to produce them from inexpencive materials. The manipulatives way
be used to explore concepts, introd.:ce topics, individualize, motivate drill
and practice for problem solving. Some of the manipulatives which will be
incorporated into the resource books are the abacus, attribute blocks,
centimeter rods, chip trading, D-stix, dice, dominoes, fraction bars, geo-

boards, geoblocks, inch blocks, mini-computer, mirrorcards, multi-Lase




arithmetic blocks, mira and tangrams.

Topics for the resource books will be finalized in the early stages

of the project following the recommendations of an advisory conference. The

following is a workable list which proved to be useful for many of the

participants in the University of Oregon Leadership Workshop.

3.

5.

RESOURCE BOOK TOPICS
Number Sense and Arithmetic Skills

Counting, symbo  , numerals, numeration, place value, powers of 10,
expanded notation, large numbers, estimation, approximation, fractions,
decimals, small numbers, operations, number properties, skill building,
mental arithmatic, standard and non-standard algorithms, flow charts.

Measurement and the Metric System

Linear measure, additiona and subtraction of lengths, perimeter, area,
surface area, volume, weight, density, capacity, time, coinage, different
units of measure, metric units, comparison between units, practical arith-
metic, practical geometry, error, precision, accuracy.

Mathematical Sentences and Systems

Integers, rationals, real numbers, exponents, roots and radicals,
operations, postulates, clock arithmetic, polynomials, matrices, open
sentences, linear equations and inequalities, systems of equations,
polynomial equations.

Geometry

Shapes (planar and solid), form and patterns, congruences, parallels,
similarity, transformations (isometries, symmetry, enlargements,
distortion), tessellations, topology, regions, polyhedra, deltahedra.

Relations and Graphs

Pictographs, bar graphs, circle graphs, binary relations, networks,
graphs of relations, functions, formulas, sequences, coordinates,
coordinate graphs, interpretation of graphs, extrapclation, inter-
polation.



6. Number Patterns and Theory

Factors, multiples, divisors, primes, factorization, GCD, LCM, triangular
numbers, magic squares, Pascal's triangle, Fibonacci numbers, sequences.

7. Ratio, Proportion and Scaling

Percent, interest, shares, weights and measures, balancing, growth rates,
faverse rates, scale drawings, models, diagrams, descriptive geometry, map
construction and reading, mean proportion, arithmetic and geometric mean,
similarity, trigonometric ratios, surveying, mass points, music.

8. Statistics and Information Organization

Data analysis, tables, graphs, averages, sampling, randomization, measures
of dispersion, formal frequency correlation, hypothesis testing, estimation,
classification, forecasting, decision making, l.ateraction with computers,
misuses of statistics.

9. Probability and Exrectation

Counting principles, permutations, combinations, experiments, trials,
sample space, probability, models, independence, dependence, expectatiom,
prediction.

10. Mathematics in Science and Society

Examples follow of some of the projects which may appear in this book and
to some extent in the previous books.

a. Science. Weather forecasting; energy consumption; pendulums; falling
bodies; rate of growth in humans; muscle fatigue; fastest living
creatures (with respect to size); transpiration; migration of animals.

b. Soclal Science. Map making and reading; testing common generaliza-
rions; what's in a newspaper?; how many people elect a president?;
polling; search sirategies; decision making.

c. Occupations. Reading meters; painting a house; laying a sidewalk;
bricklaying; building a structure; designing containers; packaging;
measuring material; advertising; subdividing land into lots; data
cards {(what are the holes for?).

d. Miscellaneous. How do you ration gas?; kite designing; designing a
geodesic dome; deeign fire evacuation for school (home); what is the
difference between different speeds on a bicycle?; planning a trip;
time zones around the world; what does a blecycle cost?; a car?;
planning a parking lot; what is the value of household goods?; how
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wuch time does an average person watch TV?; how much advertising on TV?

e.  Gumes, Puzzles, Sports. Game strategy and flowcharts; how are league
standings determined?; designing tournaments; determining averages;
how does a billiard ball bounce?; scoring games; how far does a foot-
ball tackle run during a game?; a basketball player?; puzzles.

It is envisioned that the books will be sectioned in the following
manner with subsections tabbed for easy identification. There will be
cross 1aferencing between books and between subsections of each book as

appropriate.

Section I. Historical Background and Biographical Sketches.

This will contain biographical sketches of mathematicians, scientists,
environmentalists and other users of mathematics. There will be descrip-
tions of historical developments of the toplic; for example, in the Measure-
ment and Metric System book, there will be a history of various units of
measure, including the difficulties countries have had in converting to

the nearly 200-year-old metric system, and the possible measurement
techniques used in early times by Archimedes and others.

Section II. Content for Teachers.

This will contain an analysis of the mathematical content to provide
teachers with a deeper understanding of the topic of the book and possible
ways to extend and adapt the topic of the book to other learning situations.
For example, the Geometry book will include an overview and use of trans-
formations, models of spherical'éeometry, and a discussion of a descrip-

tive drawing with relation to perspectivity and projective geometry.

Section I1I. Didactics.
This section will present ideas on how children learn mathematics with

specific examples relating to the topic of the book. It will include
topics from current learning theories involving the affective domain
(self-concept, interest, motivation, attitudes), as well as the cognitive
domain. There may be a discussion of cogniti-re styles, problem-solving
gtrategies, and classroom techniques. It will also include current ideas
develioped by Dienes, Davis, (discovery and paradiyms), Piaget (stages of

learning), and others concerned with mathematics education.
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Section IV. Classroom Materials.
This will be the main portion of the book. Each of the subtopics will be

orpanized, indexed and developed to assist the teacher as a self-contained
unit or as a supplement to an existing course. There will be suggestions
for starting points to introduce a concept or idea; for example, area may
be introduced via tessellations, tangrams, or geoboaids. There will be
follow-up activities and suggestions for open-ended interdisciplinary
projects. There will be reproducible worksheets and activity sheets for
students; suggested laboratory activities, games and manipulatives;
simulation activities as well as activities and materials to promote skill
building.

Section V. Diagnosis and Evaluation.

Suggested diagnostic materials will include interview techniques and
written teststo determine, a priori, the students' knowledge of concepts.
There will be activity tests and assignments which indicate whether or

not the students can perform a task associated with each topical book; for
example, given a metric ruler, have the students determine the area of the
classroom, school yard, or athletic field. Evaluating students progress
in learning is equally important and suggested evaluation techniques and
materials for each of the topics will be provided; for example, evaluation
techniques can be included in classroom activities, so the student doesn't

realize he is being evaluated - as opposed to written tests on each unit.

Section VI. Applications and Problem Solving.

Each book will have a bank of applications from which teachers may select.
This section will also contain reading selections from outside of mathematics
which utilize the students' knowledge of the tupic (reading from environ-
mental areas, astronomy, biology, social scierne, etc.). References will
also be made to pertinent projects in Book 10, Mathematics in Science and
Society. There will be suggestions for compr;shensive problem-solving
activities and ways to encourage the students to identify, pursue, and solve

problems of their own.
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Section VII. Annotated Bibllography.
Each book will refer the teacher to a wide variety of different books,

activities, govemment projects, commercial sroducts, and articles which
pertain to the subject under discussion. The references will contain
descriptions of the substance of the reference and suggestions for ways
to adopt and adapt the materials referred to.

It is naive to think that the creation of resource books will instantaneously
change the classroom performance of teachers nationwide. Teacher utilization
will continue to be a problem, and one which appropriately will be considered
more fully in the implementation stages of the project. We will anticipate that
the resource books once developed will encourage teachers to make the first
step away from a highly structured textbook. With these books available teache™s
may gain a deeper understanding of mathematics, an awarenuss of varied instruc-
tional techniques and resources, familiarity with uses of mathematiecs in scien-e
and society, and just as importantly, an opportunity to become more involved

in the decision making process for curriculum revision at the .ocal level.



REMARKS ABOUT APPROPRIATE CONTENT

FOR THE MATHEMATICS RISOURCE BOOKS

By ROBERT B. DAVIS
Curriculum Lahoratory
University of Illinois

Urbana, Illinois

1. These remarks are essentially addenda to the paper Topical Resource

Books for Mathematics Teachers - Project Description by Hoffer and Nelson.

The content (and book format) described in the Hoffer and Nelson paper is
so complete and so representative that-~in my personal view--it could well
stand alone, My present remarks are essentially footnotes that should not
distract anyone's attention from the Hoffer-Nelson outline.
11, It may te worth listing the background from which I am speaking:

A. The ability of elementary school children to handle “abstract

pattern” mathematics.

Many of the new math projects have proved that children in grades 4,
5, and 6 have a very great--and virtually unused--ability to handle
mathematical ideas of a certain kind, provided the foundation is always
generalizing from instances.

Thus, William Johntz's Project SEED has dealt with exponents, going
from specific axamples: (2 x 2) x (2 x 2 x 2)= 2x2x2x2x2 to notations such as:

22 x23a2

3:2 x 33 - 35
2

2% x 20 = 27

and hence to:

28 & 2b - 2a+b

13
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David Page's Illinois Arithmetic Project worked up to matters such as

[é] + [b] < [} 4?{] ’
having started with examples like
[235] =2

[2 615] -2
and s0 on.,

The Madison Project dealt with identities, such as the following

special case of the binomial theorem:

(D +A>( (D +A)- (D xD) + [(A +A) X []] + (Ax A)

having, again, started with specific instances,

Children in grades 2 through 5 find this interesting, attractive,
exciting, and easy. Notice, though, that it is a definite kind of
mathematics. It is not mathematics that depends upon complex verbal
statements, nor does it require an elaborate running up and down the
ladders of abstraction from symbol to meaning, then to the meaning of the

meaning, etc. For want of a better word, I shall call this pattern-based

mathematics. Note, however, that the patterns that are involved do make
sense-~they are not the gratuitous arbitrary patterns of common IQ-test
questions.

Despite the fact that a number of separate projects have demonstrated
clearly the success that this kind of mathematiis can enjoy with children in
grades 2 through 5, our usual school curriculum makes no significant use of
such mathematics at these grades.,

This is relevant to our present concern for grades 6 through 9, because
of the follnwing remark:

B. The Junior-High Slump. Most of these same projects (Page's, The
Madison Project, SCIS, etc.) have found that children in grades 2 through 5
are better 2t this kind of mathematics than are children in grades 7 and 8.

Consequently, my personal guess is that a very strong national curriculum
for the United States would assign a large role to sclence and to algebra
in (say) grades 3 through 6, or thereabouts, but would probably slack off
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for grades 7 and 8., By grade 9 one would again resume the serious pursuit of
mathematics and science.

Notice that the traditional curriculum did in fact approximate this
pattern, as John Mayor recognized by his remark: "Between sixth grade
arithmetic and ninth grade algebra there comes a pause in the child's
occupation that is known as junior high mathematics." Most of us who have
worked with new math projects began, at least, with the expectation that the
greatest improvements could be made at the junior high level, because of the
base from which we were starting. By now, however, I am more inclined %o
think that the weak traditional program for grades 7 and 8 may well have
been a response to the poor performance that 1s characteristic of 7th and
8th graders; if this is so, then these are the grades at which the least
improvement may be possible,

C. Short=Term Goals and Long-Term Goals.

The situation described in remarks A and B, above, present us with a
dilemma, and one that we shall encounter elsewhere in this paper: On the
ont hand, we want the books to be helpful to teachers now, to be relevant
to their situation now. And what is their situation now? Their students
come from relatively weak elementary school programs that have consisted
mairly of rote arithmetic, which the children in most cases fail to under-
stand (cf., e.g., Erlwanger, 1973). Whatever improvements a junior high
teacher can make in this situation is probably at the junior high level
(unless he can work with elementary school teachers or children, which is
sometimes possible). So this is where the short-term thrust has to be (even
though, in the long run, grades 7 and 8 may be a poor place for a sustained
major thrust).

The dilemma arises from this conflict between short and long-term
goals. In pursuing sensible short-term objectives, we don't want to destroy
the possibility of working toward important long-term gains. If the junior
high slump really does exist (and if, as some suspect, it is related to
hormonal changes, and therefore not easily altered by pedagogy or curriculum),
then the junior high years are NOT the best place to make our most serious
thrusts, The big push should perhaps come in grades 2 through 6 (or so),
possibly followed by a relative relaxation in grades 7 and 8, There is
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enough data supporiing the existence of a "junior-high slump" that we should
be mindful of it as we plan these resource books--and, I suspect, teachers
themselves should keep it in mind as they read the books., Thus teachers may
need a short-term strategy--do as much as they can in grades 7 and 8--and may
need to be planning a long-term strategy: develop ways to work with teachers
and children in grades 2 through 6, and plan for less academic stress in
grades 7 and 8. Of course, the data arean't 100X clear yet, and maybe some
other developmental pattern will emerge as we study children in this age
range more carefully, but there is enough evidence so that we should keep

the junior-high slump in mind whenever we deal with possible modifications

of the school curriculum.

D. Gradual Cumulative Development vs., Segmentation.

Another curriculum dilemma faces us: Shall we build toward a curriculum
that develops increasing skill and knowledge; or shall we seek a curriculum
that is segmented or modular, consisting of a virtually arbitrary sequence of
larpgely Iindependent units?

The argument for the segmented curriculum rests mainly on the fact
that, since the units are essentially independent, the beginning of each unit
can be a new starting point. Children do not become "lost" because of
absences, moving from one school to another, or failing to master previous
units, Given the typical junior high school situation, this can be a very
big advantage.

But, as Robert Heinlein says, "There ain't no such thing as a free
lunch.” The advantages of independent units are bought at a price, namely,
failure to develop any significant skills, abilities, or understandings. By
contrast, a curriculum that builds systematically on the study of functions
and on analytic geometry can build up to a high degree of proficiency at

least as early as grades 8 or 9. (One such curriculum was developed by The
Madison Project; the progress of students as they move through a five-year
program, beginning in grade 3, has been recorded on film.) But, of course,
this continuity and developmental build-up is also bought at a price: a
student can fall off the train as it speeds along.

I personally am deeply distrustful of the segmented units approach

as it usually operates in actual practice.



17

It can easily become an excuse for minimal progress, even a substitute
for progress. Let me illustrate b, citing some remarks made by Karen Fry,
who is in charge of the physical education program at University High School,
and who works in the University of Illinois's physical education department,
She says that the University often sees students who have gone through 12
years of state-required physical education course, but are unable to throw a
ball, unable to run, etc. How is this possible? Because of the segmented
nature of the school P.E. program. Often schools stay with one activity--
volley ball, say--about as long as it easily holds a child's interest. As
soon as interest begins to flag, they move on to a new activity.

It is a hard job to take a boy who is over-anxious, who becomes too
tense when he tries to throw a ball, and to help him relax, to give him the
technical skill to throw well. 1In typical school settings this is too hard
a job to pursue, Hence, instead of tackling this difficult task of individ-
ualized personal coaching, schools more often jump from one activity to the
next. Most children enjoy this, some find it valuable, and the University
of 1llinois finds students who, after 12 years, still can't throw a ball.

There are complex questions involved here, but this is the kind of
situation that makes me personally distrust sharply segmented, non-sequential
curricula.

The resolution of the dilemma is probably our standard one: let's
play for short-term relevance by being sufficiently segmented, but let's at
the same time begin to mount a thrust toward a long-term implementation of a
curriculum that builds cumulatively toward significant student growth over
the years. The students can take this, and thrive on it, provided we can
solve the school problems of providing such a program.

And what should the underlying theme be for a continuously building
cumulative curriculum? Kenneth Appel of the University of Illinois's Math
Dept. suggests analytic geometry, with a sizeable role for applications.

This strikes me as a wise choice, since the study of functions, and the
study of algebraic structures and techniques can easily be fitted into this
main theme. I would propose that, for grades 2-12, there be four main (and
simultaneous) themes: analytic geometry, arithmetic, computers, and applica-
tions., But of course I am speaking of a long-term goal toward which we
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should try to converge, building in also appropriate short-term goals that
face up to present realities,

(An alternative proposal, made independently by David Page and by
Seymour Papert, is mentioned below.)

E. Summary, Thus, by personal experience and prejudice, I personally
have these biases:

1. Toward seeking a far stronger math program in grades 2
through 6, and perhaps relaxing our program in grades 7
and 8;

2. Toward building a nation-wide curriculum that seeks
conslderable cumulative growth for individual students,
instead of a sequence of largely independent units that
do not add up to cumulative growth;

3. Recognition that, in advocating this, we are adding
further stress on schools, giving them a harder job,
but one that I think they should face up to;

4., Reconciling what is likely to be feasible in the short-run
with what is likely to be most advantageous in the long-run
by asking teachers o pursue a dual agenda: implement this

now, but build toward that later on. (I claim we often do

this, as when a medical student works at a part-time job
to pay his way through medical school; the part~time job
deals with immediate needs, while he is obviously building
toward a different future.)

5. For the long-range cumulative curriculum, using analytic
geometry, arithmetic, computers, and applications as our
continuing central theme, for grades 2 through 12,

II1., There is another dilemma that needs separate mention. Do we build
toward maximum individual growth, with a generally "academic” bent, or do
we build primarily so as to include all students, with great diversity (and
lower expectations) in our offerings?

This seems to me to be the great unsolved problem in American education,
By trying to educate nearly all Americans in nearly the same way, the United
States has undertaken a task that is probably unique in human history--at
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least when one makes due allowanze for the complex culture we are dealing
with. There are more traps here than may at first meet the eye,

I don't know the answer to this dilemma, but I do want to suggest that
the idea of reaching for a "popular culture"--perhaps via diversity--that
will be immediately acceptable to everyone may not be the best solution.
Perhaps this "pop culture" will be unrewarding for everyone. We might,
after all, be better off to maintain a smaller central core of basic know-
ledge--however unpopular that may seem--and try to get all Americans, or as
many as possible, to master this basic core. (Obviously, it is this second
road I am advocating when I urge analytic geometry, etc., as the theme for a
cumulative curriculum.) Some relatively few students may require a quite
dif ferent education--but maybe we make a mistake when we try to homogenize
analytic geometry and major appliance repair,

What 1 am trying to argue against is a mathematvics curriculum that is
"watered down' until every student can pratend to learn it. The pressure to
move ever further toward this "common denominator" curriculum is immense--but
the path of wisdom may be to resist it, nonetheless. There really ain't no
such thing as a free lunch, and the "common denominator" curriculum can cost
us plenty--perhaps even our sense of high standards and high achievement,

which can damage our entire culture,

IV.  Arithmetic, %
Studies by Stan Erlwanger, Jack Easley, and others at the University
of Tllinois demonstrate clearly that students in grades 6, 7, 8, and 9 do not

understand arithmetic. Obviously, there is a range of student competence-—

but far more students are deficient than would ordinarily be expected.
(Notice that, in Section II, I am not suggesting that arithmetic precede
analytic geometry; 1 urge that they be simultaneous in grades 7 through 12,
Much analytic geometry is easy for children, and much of arithmetic is very
difficult.)

In the case of arithmetic, "curriculum content” tends to merge with
cognitive psychology and with diagnosis and evaluation, Erlwanger's case

*

In rereading this section, I realize that I have not said this correctly;
obviously, there may be many candidategfor the "major appliamce repair” route. But we
can still try to avoid "watered-down" courses that won't be beneficial for anyone.
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studies show just what this can mean.

Yet most junior and senior high teachers have thought little about
arithmetic, about children's misconceptiors concerning arithmetic, about how
to identify these misconceptions, and about possible forms of remediation.

This needs to become a larger part of the secondary school curriculum.

V. Assembling Materials from Various Projects.

One proposal by Hoffer and Nelson deserves underscoring: their plan to
assemble materials and results from all relevant projects, including David
Page's Arithmetic Project, The Madison Project, ESS, SCIS, USMES, The Nuffield
Project, SMSG, UICSM, The School Mathematics Project, etc., is excellent. To

my knowledge this has never previously been done. There is a great wealth of
excellent material avallable, and it needs to be brought together tv form the

foundation for future work on the mathematics curriculum.

V1. "Children's Literature.,"

David Page and Seymour Papert have independently developed and advocated
special mathematical content designed for children.

Page speaks of this as "intermediate inventions,”

and offers as cxamples
his "number line jumps” (where "standstill points" are a child's version of
topological fixed-point theorems), his "maneuvers on lattices,” and his "hidden
numbers."”

Papert speaks of "children's literature,"

and points -~at that in music
one has a special literature prepared specifically for children; simi ..rly
with written literature. But where is the Dr, Seuss of mathematics? Where
are the Bartok, Shostakovitch and Bach "Pieces for Children?”

Papert himself has made two. He has created a computer programming
language {(called LOGO) that is designed specifically to allow children to
program a computer, and he has created his "Turtle Lab" array of peripherals
to allow the computer to control equipment that may interest children: puppets,
wheeled vehicles, TV pictures, music boxes, etc.

He has also developed a new geometry for children, Children orient in
relation to themselves, and they jump back and forth from global to local
properties., Papert 's "turtle geometry"” does the same, is immediately accessible

to children, yet has the power of a lagitimate branch of adult mathematics
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(indeed, worthwhile "adult" theorems have been proved within turtle geometry,
including problems about planetary motion).

Other computer programming languages designed specifically for children
include Picto, developed by Paul Tenczar; PAL, now being developed by Hanna
Kammerahl; and DENKEN, now being developed by David Fumento, who is himself
a student in high school.

Why, as Papert says, must we limit ourselves to taking pieces of adult
mathematics off the shelf and offering them to children?

In Papert's LOGO, a square could be made by the program:

TO SQUARE
10 FORWARD 10
20 RIGHT 90

30 SQUARE
END

and a circle could be made by the program:
TO CIRCLE

10 FORWARD. 1
20 . RIGHT 1
30 CIRCLE
END
An interesting program in Picto is:

se—z’b@ %,s—a»%’\L 5(—% s 59
{this causes a‘mhn to move a stack of five balls.f

VII. Tasks and Classroom Organization.

An obvious (but often overlooked) point: many different social
organizations of the classroom are possible. Which ones are best depends

upon the specific tasks you have in mind.

Consider the case of chemistry: if we want to demonstrate something,

the large lecture hall presentation may be best; if we want to discuss some-
thing (or even debate something), a smaller seminar group may be better; when

students are to carry out experiments, an individualized arrangement in a

properly equipped laboratory may be called for; if we want a teacher to

answer questions, a smaller seminar group may again be the best setting.




22

A parallel situation exists in the case of mathematics, but we often
forget it., We may try to do everything in a recitation format, or we may
try to do everything in a math lab, This often makes us reject some content
as unfeasible, when it is unfeasible only because it is being attempted in

an inappropriate social setting.

VIII. The Hoffer - Nelson Topics.
Let me go through the topics as listed by Hoffer and Nelson, adding a

‘few remarks:
A. 1. Number Sense and Arithmetic Skills,

Counting, symbols, numerals, numeration, place value, powers of 10.
expanded notation, iarge numbers, estimation, approximation, fractions,
decimals, small numbers, operations, number properties, skill building,
mental arithmetic, standard and non-standard algorithmas, flow charts.

2. Comment, It may be worth adding also some discussion on the

computational role of non-standard numerals. For example, if we are

given the problem
64

~28
wnich has been stated in standard numerals, we may rewrite it in non-

standard numerals

541,
-2 8

and use these non-standard numerals for carrying out the work,
Note that, if one uses (say) MAB blocks, both standard and non-

standard numerals correspond to physical realities:

5,1 o 3 U ] H ﬂ ” O goQoao
$74 correspond to “ | o0 o0 oo

O O D

whereas the standard numeral

64 corresponds to D U U D U B g g

and the standard numerals are precisely those where we have used the

minimum number of pieces of wood.
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3, Comment. Students should learn to relate each operation to
various concrete situations or actions. This correspondence is one-
many Or even many-many.

Each different "meaning" will suggest its own algorithm,

Thus, the subtractive meaning of division,

8 + 2 "I have $8 in the bank; I take out
$2 each week. For how many weeks
can I do this?"

clearly suggests some sort of subtractive algorithm.

2) 8
-2 1 week
6
-2 1 more week
A
-2 1 more week
2
=2 1 more week
0 4 = total number of weeks

Again, the "comparison” meaning of subtraction suggests the
"cashier's algorithm":

18 - 13 "Mary has 18 marbles; Kathy has 13.
Who has more? How many more?"

suggesting
13+1 =14

+ 2 =15

+ 3 =16

+ 4 =17

+ 5 =18
(CE. "$2.63 plus 2¢ is $2.65, plus 10¢ is $2.75, plus 25¢ is $3.00,
plus $2,00 is $5.00")
B. 1. Measurement and the Metric System,

Linear measure, addition and subtraction of lengths, perimeter,
area, surface area, volume, weight, density, capacity, time, coinage,
different units of measure, metric units, comparison between units,
practical arithmetic, practical geometry, error, precision, accuracy.

2, Comment. Obviously it's very important that childre- know the
kind of thing they're measuring, so they realize that square centimeters
will never "f£ill up" a volume, etc.
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This 18 especially true in the case of angles. Many children want
to know "how far" an angle goes, which, in their sense, is unanswerable.
3. Comment. This problem is often easily handled if treated in
context: how mary cartons will fill a warehouse? how much paint will

cover a wall? etc. Angles are easy if we are dealing with actual
rotations, either of a wheel, or of Papert's turtles, etc.

4., Comment: Speaking of angles, we might contrast the static

angle j

which 1s a union of rays with a common end-~point, vs. a dynamic angle,
which measures (say) the rotation of a wheel. It is important for
children (and teachers) to work first with the dynamic angle, which is
very sensible if taken in context. Once you understand dynamic angles,
then static angles are easy.

But if you start with static angles, you will continually have
trouble with angles of zero degrees, or 180 degrees, or angles more
than 3600, or with negative angles.

This is probably a case of Polya's Inventor's Paradox.

C. 1., Mathematical Sentences and Systems.

Integers, rationals, real numbers, exponents, roots and radicals,
operations, postulates, clock arithmetic, polynomials, matrices, open
sentences, linear eguations and inequalities, systems of equations,
polynomial equations.

2, Comment., This involves an important dilemma., Do we do it
intuitively first (which I prefer), or do we begin with the final
elegant abstract result? The intuitive treatment, if it is honest, .
must be somewhat messy, because we do not at the outset see the problem
with maximum abstract clarity., (I'll return to this point below, in
the case of functions.) For example, we can look at equations such as

x+ 3 =2
Xx+3=3
x+3=x+56

x2 = 2



X = =4
and ask whether they have solutions, and from such considerations (or
others) we can search for "new kinda of numbers."

Alternatively, we can begin with precise delineations of the
various systems, which would never be a starting point in an honest
gradual development,

D. 1. Geometry.

Shapes (planar and solid), form and patterns, congruences,
paralle.s, similarity, transformations (isometries, symmetry,
enlargements, distortion), tessellations, topology, regions,
polyhedra, deltahedra.

2. Comment. I would not use traditional Euclidean synthetic
geometry as the basis for school geometry in grades 2 through 9.
Traditional "10th grade' geometry uses formal logical proofs, therefore
(necessarily) complex verbal statements, and therfore precise verbal
defintions.

This mode of operation is very foreign to children. Their
language is vague and impressionistic, but their perceptions are
nonetheless sharp. Children are oriented toward doing, as in the
famous child's definition of a hole as "A hole is to dig."

Now, fortunately, there are geometries that are oriented voward

doing. Siﬁile‘parts of analytic geometry are, since they involve acts

like counting in order to plot points, Marion Walter's "milk carton
cutting” is action-oriented, and excellent for visualization (and
other mathematical aspects). Geoboards are excellent, Edith Biggs
has much good action-oriented material. Formulas for area and
volume are good for students in a cumulative curriculum who have come
to feel at home with variables, functions, etc. Even vector geometry
can be used to good advantage. So, of course, can Papert's "turtle
geometry,” except that you probably need to have a turtle, and that
means you need to have a computer!
E. 1. Relations and Graphs.

Pictographs, bar graphs, circle graphs, binary relations, networks,

graphs of relations, functions, formulas, sequences, coordinates,
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coordinate graphs, interpretation of graphs, extrapolation, inter-
polation,

2. Remark., The concept of function is a good place to describe
my final dilemma: duv we develop the ideas gradually, in a (rough)
mimicking of a (simplified) "historical"” development, or do we begin
with the best 1974 abstraction? The abstraction version is easier to
read, It begins with something clear and definite, such as: "A
function & is a set of ordered pa’rs of numbers such that, if (a,b)

c &, and if (a,c) ¢ ¥, then b = ¢."

But beginning this way distorts completely the nature of math,
which 1s essentially an unending struggle against prcblems that are
not well understood.

We reveal the true nature of math much better if we use a more
gradual, intuitive, "successive approximations" approach, e.g., with:

"y i8 a function of x if the value of y is known when
the value of x is given."

But what do we mean by "known"? If y(n) is the nth prime, is
v(1023) "known"? Is J0(0.17893) "known"?

Note the conflict in usage between scientists and mathematicians:
The scientist will often say: "in an open system, the pressure is not

n

a function of the temperature,"” meaning that, if the system is open to

atmcspheric pressure, its pressure won't change when the temperature

changes. (Cf. also economists, etc.) The pressure is "known".

From all this messiness, we gradually refine the current 1974
abstraction,

As usual, I urge us to settle the dilemma by compromise. Maybe
the book will give the modern abstraction first, but then it will say:
"This idea did not spring full-grown from the head of some mathematician,
It has developed gradually, from the following history: ., . ."

IX. Summary.
This paper is only a set of footnotes to the Hoffer - Nelson paper, I

recomnend their plan very highly, and do not wish to suggest that we change it.




WORKING GROUP RECOMMENDATIONS

CONTENT

The group discussed the word content from two points of view: first
as the mathematical topics which should be covered in the resource materials
and secondly as the composition and structure of the books. The question was
raised whether the mathematical topics to be covered should be those in Dr.
Davis' position paper or the ten topics listed in the project description or
some other list. The group then set about to resolve this question and make

the following recommendations concerning the content of the resources.

Recommendations:

1. It was emphasized that these should be teacher-oriented resources so the
books should cover all the topics of a middle school program and yet the
size of =ach book must be a consideration. In some cases topics can be
developed for the teacher in less space than topics which are covered for
students. The student pages should serve as examples of the main messages
to the teacher. There should be a balance between the materials for
teachers and for students. It was recommended to place an emphasis on
the teacher materials and include a sufficient amount of sample student

pages.

2. The group supported the topical list of books presented in the project
description and suggested to weave throughout the books the topics which
were presented in Dr. Davis' position paper. It was also suggested t.:at
there could be some practical value in producing an overview book which

27
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might contain four main sections dealing with the following categories

of topics which are listed in the project description: {(a) Number, includ-
ing Number Sense and Arithmetic Skills, Mathematical Sentences and Systems,
and Number Patterns and Theory; (b) Geometry, including Measurement and

the Metric System, Geometry, and Ratio, Proportion and Scaling; (c) Stat-
iatics, including Relations and Graphs, Statistics and Information Organ-
ization, and Probability and Expectation; and (d) Mathematics in Science

and Society. In establishing a working priority, the group recommended

that the resource: Number Sense and Arithmetic Skills be developed early
as well as a book which attacks the problem of the "junior high slump"
which was alluded to in Dr. Davis' paper. Some group members felt that
the resource: Measurement and the Metric System should be developed

early because of its timeliness.

3. It was emphatically recommended that the project should not repeat the mis-
takes of prior curriculum projects. That the project should:

a. Avoid flashy irrelevancles such as a superficial use of sets and flow
charts or so-called laboratory activities such as making christmas

tree ornaments without discussing geometric concepts.

b. Relate a topic to other parts of the curriculum. For example, 1f the
distributive law is introduced in arithmetic, it should be pointed out
to teachers how the law relates to topics in algebra or 1s used else-

where in arithmetic.

¢. Stress priorities. The resources should make clear to the teachers
what is fundamental and why it is important at the middle school level,
The project should decide on a core of important concepts and do these

well,

4. It was suggested that teachers generally do not look in depth at the math-
ematics they attempt to teach. This is especially true of arithmetic.
The resources could provide teachers with a penetrating analysis of gues-
tions and comments which arise in the learning and teaching of arithmetic.
There is mathematics to be learned here as well as an awareness of potential
learning difficulties.
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8.

9.
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The project should approach arithmetic as applied mathematics. A page
could begin with an interesting prohlem for teachers and which might be
applicable to students. This could be followed by a class, small group,
or individual student activity involving, for example, carjentry or cook-
ing, which may in turn lead to more mathematical gquestions.

With regard to the alleged junior high slump, it was recommended that the
resources should encourage teachers to guide students into explorations

of their own which might decrease teacher supervision and demands. It

was suggested that too many adult demands on junior high age children may
well cause or contribute to the slump, Such explorations may ha patterned
after computer related activities where young students devote vast amounts
of energy and time in writing and running computer programs on topics of
their choice with neglible interference from teachers.

The group felt strongly that Information about computems and calculators
should be in the resources but therc was no clear decision whether or not
the project should develop a separate book In these areas. The group did
recommend that ideas about computers and calculators should be interspersed
throughout all of the resources in much the same way that applications

and problem-solving should be woven throughout. Some group members felt
that a separate book on computers should be developed in addition to the
inclusion of computer ideas in the other topical resources.

It was recommended that the project attempt to organize the resources so
that teachers will be able to up-date the materials by incorporating new
things which appear commercially or in journals. It was suggested that

an outgrowth of the project could be a clearinghouse of organized resources
and possibly information and services to teachers nationwide.

It was recommended to build inservice potential into the resources in such
a way to release the creative power within teachers. For example, there
could be a sequence which begins with tear-off sheets for students and
proceeds to creative activities with incr~asing teacher involvement and

leading to open-ended or comprehensive problem-solving situations. There
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was a warning not to mislead teachers with too polished worksheets which
work too,well so that they do not foresee the difficulty in producing
similar things on their ownm.




*
MODELS, PROBLEMS, AND APPLICATIONS OF MATHEMATICS

By MAYNARD THOMPSON
Department of Mathematics
Indiana University
Bloomingion, Indiana

The curriculum ﬁrojects of the late fifties and sixties were still
young when some mathematicians and mathamatics educators proposed that the
mathematics community reconsider the role of applications in mathematics
education ([E], [P]**). The proposals were, however, for a type of applica-
tion and a point of view that were rather different from the traditional use
of mathematics as a tool in enginerring and the physical sciences. Briefly,
there is some elaberation in Section 1, the concern was with the diacussion
of honest or genuine or real problems arising outside of mathematical models,
The report of the Snowmass Conference held in June 1973 concluded that
although considerable attention had been directed to these issues, little
actual change had taken place in the classroom ({S), Chapter V),

Section 1 of this paper ias a selective review of the major features of
the propaosed uses of applications in mathematics instruction. Section 2 is
a discussion of the curricular implications of these suggestions anh contains
some examples., The relation between the recommendations and certain current

projects is considered in Section 3.

1. The Process of Applied Mathematics.

The traditional vehicle to present applications of mathematics is the

* « ;
Pre~Conference Paper prepared for a Conference on Topical Resource Bocks for
Mathematics Teachers, Eugene, Oregon, June 9-12, 1974,

Wk ;
Letters in brackets refer to the references.
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"word" problem of the mathematics textbook. The gimplest such problems
require the use of elementary arithasetic, algebra, geometry, and probability
and statisties to aid in the tasks which must be performed by citizens in the
seventins (and beyond)., A few examples: computing the price per unit in the
procery store, finding yearly depreclation when completing an income tax
return, determining the material necessary to build a fence, and evaluating
costs of loans and rates of return at savings institutions. There is no
serious dispute on the worth of such problems. They are and will continue to
be an important part of the mathematics curriculum.

Another type of word problem, roughly the next level of sophistication
above the simple ones just mentioned, is one involving a situacion in every-
day life or another academic area in which a translation from everyday
language to mathematical langusge is necessary. Usually the translation
from the terms used in stating the problem to the mgghematical symbols is
completely routine, and no more or no less information is provided than is
necessary to solve the problem, Frequently the situation makes little or no
sense is areal problem and any relation to a question which might actually
arise is kept hidden from the student. Textbooks abound with constant current
rivers, constantly accelerating balls, production schedules given by polynomial
functions, precisely known demands, etc. Many of these situatims could lead
to honest and quite interesting problems, but when presented without any
comment on the often gross idealizations, they have little value as examples
of applied mathematics. Unfortunately they masquerade in many classrooms as
examples of how mathemacics is actually used. Today's students are too know-
ledgeable to be misled by such claims,

The sort of activity that is truly representative of the use of mathematics
in contributing to our understanding of a situation rarely occurs in textbooks,
even very recent ones, and only occurs in the latest generation of project-
produced materials. This activity is basically the construction and study of
mathematical models, Indeed "applied mathemaitlcs is the art of model building.”
Although the words are those of Arthur Engel ([E], p 258), the sentiment has
been expressed at least since the thirties. The multistage model building
process has been described in many ways (see for example [K] p 55-56 or [T],
Part II) and will be considered here only in broadest terms. Typically one
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begins with a situation and a concern. The concern'may not be a specific
problem, in fact, in most cases, it will not be. For example, the situanliuvn
might be that of owning an automobile and the concern that of determining the
hest time to trade i1t. The formulation of a specific problem is an important,
frequently difficult, and sometimes highly creative aspect of applied mathe-
matics. In _.ne example above, one has to assign a meaning to the term "best",
and the meaning will clearly depend on the individual. For some, dependability
may be the foremost consideration, for others, economy, and for others, style

or safety features. In other situations the problem may be the very general

one of understanding the reason that certain data occur. One can view
elementary population genetics in this way. Incidentally, elementary

Mandelian genetics provides a very attractive model building opportunity.

The situation is an inherently interesting one, it can be presented with

minimal biological content, and it is open to a variety of simulation activities.
There 1s a very nice program on PLATO for computer simalation. v

There Is a significant shift of emphasis here from the "given a probloem——
“solve it" point of view to that of “given a situation--study it." 1t Is
another example of the emphasis on understanding and deemphasis of the answer
as the primary objective that is a common ingredient of modern mathematics
programs, The goals of teaching for understanding rather than technical skill
--for example, improved retention and the ability to apply mathematical know-
ledge in new situations--can also result from careful study of applications.
One of the objectives of all mathematics instruction is to develop in the
student the ability to understand and work with abstractions. However, more
is wanted than tihe ability, say, to recbgnize that a certain operation is
commutative. There is, to be sure, some talent involved in checking whether
an axiom is satisfied. However, we ought to be concerned with deeper insight,
with the ability to examine a situation where the mathematical content is not
at all clear and to recognize that the concept of commutativity helps in
understanding what goes on. The desire of students to know what a certain
mathematical idea means, how a technique works, and why it is useful, requires
careful cultivation. It is all too easy to omit the time-consuming discussion
that provides the proper context for thinking about a situation. The urge to
"get to the point" quickly must be restrained.
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In summary, the phrase "the process of applied mathematics" as used here
refers to much more than the simple word problems or the translation problems
of typlcal iextbookxs. It is a more general activity than solving mathematical
problems. It includes the identification and formulation of precisc problems
in situations which may be only partially understood, the solution of these
problems (involving computations where appropriate), comparison of results
with observations or cxperiments, and finally the drawing of conclusions. It
may be necessary to cycle through the process a number of times before the

conclusions are satisfactory.

2. Implications for Instruction.

The modeling activities described in Section 1 suggest some changes in
how instructional time 1s used and the mathematics that is taught,

First, at least a portion of the tine devoted to maithematics will be
spent in a rather different way than has been traditional., Unstructured
situations arising ocutside mathematics will be discussed and there will be a
certain amount of time that appears marpinally productive from a mathematical
point of view., Such activity is almost alvays a part of any use of mathematics
outside the classroom, and consequently provides valuable experience, Much
of the lack of recognition of the utility of mathematics by the average citizen
may originate In the lack of any classroom experiences that remotely approximate
the way mathematics is used outside academe.

Second, some mathematical ideas will arise that are not a part of the
trolditional curriculum. The most important of these are the concepts of
randomness, probability and statistics. Even very unsophisticated data
collection and organization activities can profit from a knowledge of
elementary statistics, and many real problems from everyday life have a
stochastic character that is completely lost if one is restricted to thinking
in deterministic terms. An example cited by Henry Pollak is useful h->re,
Consider the question, "what is the best way to get to the airport?" The
immediate task is to decide on a meaning for "best'". In some instances it
might mean the minimum distance route, in others the route of minimum time
or efpected time. After some personal investigation Pollak concludes that

frequently best means the route of minimum variance in time, not necessarily
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minimum expected time. Thus two of the three criteria mentioned are stochastic
unes.

This example illustrates another characteristic of many problems that
arise in real situations, namely, they are questions of decision. Their study
involves notions of optimization and the analysis of complex systems that are
entirely outside the traditional school mathematics, Since most decision
making is 2 decision making under uncertainty, it is crucial that a probabi-
listic (and/or statistical) mode of thinking be developed. Monte Carlo
simulation of systems which cannot be analyzed at the level of the student
provide a realistic way of obtaining information on a situation that is
otherwise Intractable. TFor example, it is common to have trinke*s i: _luded
in boxes of breakfast cereal. Suppose there are six different trir'tets, how
many boxes of cereal should you expect to purchase before you have all six
trinkets? Here is a very down-to-earth problem~-certainly one which has
vccurred to every parent--and whose solution i1s beyond the usual school
mathemati~s. However, the process can be simulated either with a spinner or
a table of random numbers. The results of a modest number of simulations give
a means of estimating a quantity whose determination is otherwise impossible.
The results of a computer simulation of opening boxes until all six trinkets

have been obtained 200 times are presented on the next page.
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number of frequency histogram
boxes

6 3 xXxx

1 9 AXXXRRXAXX

8 10 XRXXXXXXXXX

9 18 XXXXXKRXXXXXXXXRKK
10 11 XXXXXXXXXXX

11 17 XARXRXXXXXXXXXXXRX
12 18 AXXAXXXXXXXXXXKXXX
13 19 AXXXXXXXXXARKXXXKXXX
14 11 AXXXXXXXXXX

15 15 XXAXXXXXRXXXKKXX
16 12 XXXXXXXXXKXAX

17 13 AXXARXXXXRKXXXX

18 6 XXXXXX

19 5 XXXXX

20 4 AXXX

21 5 XXXXX

22 4 XXXX

23 3 XXX

24 3 XXX

25 4 XRXX

26 1 X

27 2 XX
28 2 XX

29 1 X

30 0

31 0

32 1 x

33 1 X

34 0

35 0

36 2 XX

Other types of content that often arise in modeling are combinatorics
and graphs. Many decision problems involve enumeration of possibilities, at
least at the level of special cases, and for this a little knowledge of
combinatories is very helpful. Coun.ing problems also arise in computing
probabilities, A graph is a mathematical structure of great generality whose
utility as a modeling device is becoming increasingly apparent, Graphs (or
networks) have been standard tools of mathematical programmers since W.W. II,
and their use in the social scieaces (as sociograms) is almost as old. They
also provide a convenient mathematical structure to use in studying everyday
problems. An example that I have used several times is that of scheduling a

tournament, How should a tournament be arranged? This is an example of the
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sort of unstructured and somewhat vague situation that can lead to a number
of interesting questions., What is the goal? 1Is it fairness, efficiency, or
compatibility with a school schedule? One precise question is how many
perlods are necessary to schedule a round robin tournament with a given
number, say n, of teams? A more complicated question is how can a schedule

be determined? A combinatorial argument shows that the answer to the first
n{n=-1
2{n/2]
with students one would normally encounter the problem for a specific value

question is » where [X] denotes the greatest integer in X . In working
of n and no effort would be directed to obtaining the general result. The
development of an algorithm for actually assigning terms to time slots is an
interesting and worthwhile problem. Algorithms exist based on modular
arithmetic, basket weave techniques for seiecting subsets of entries in a
matrix, and connecting vertices in a regular n-gon.

This brings up an impcrtant point. Frequently the utility of mathematical
techniques applied to real problems hinges on the existence of algorithms.

The simplex method of linear programming is an outstanding example of an
algbrithm which, because of the ease and efficiency of computer implementation,
led to the widespread use of a particular mathematical model. Another example
of a problem in which an algorithm is essential for the model to be of any
value is that of determining the least cost path in a capacitated network
(e.g. [TMMW], ). The latter is an example of a problem for which the
existence of a solution is obvious (there are only finitely many paths) but
the utility of the model depends on the existence of an efficient method of
determining the minimum cost path. The diffe-ence in the effort needed to
solve this problem by efficient and inefficient means is several orders of
magnitude,

It seems clear that calculators and computers are certain to have a
significant influence on mathematics instruction in the seventies., The
computational capability provided by even small hand held calculators
substantially enlarges the class of situations appropriate for study.

Students can process real rather than fabricated data, and large scale
computations become realistic. Nonnumerical computing, e.g. sorting and
logical operations, alwvo provides access to new applications. Flow charting

which is a'mrrt indispensible in computing, will become a standard part of
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the curriculum.

The consideration of large scale problems will further stimulate the
development of group or team approaches to applied problems. A team effort
is a common way of approaching a problem outside the classroom and experiences
along these lines are a worthwhile part of mathematics education.

There are a number of other areas which will receive increased emphasis:
the science/art of making good approximations and estimations, methods of
sampling and data collection, the basic mathematics necessary for solving
everyday problems [B], and the development of strategies for problem solving,
to name a few. However, all proposed modifications must contribute to the
fundamental aim of mathematics education~-to change the student, to influence
his view of the world around him and how he reacts to it. To thi, end we
should study important problems and we should make the effort to convince the
student that they are important.

3. Current Efforts.

There has been significant progress in providing at least sample materials
involving applications for students and teachers. Although the following list
is by no means exhaustive, it does indicate the scope of past and present
efforts,

THE MAN-MADE WORLD [TMMW] was created by the Engineering Concepts

Curriculum Project and contains many examples of engineering and operations

research oriented applied mathematics. The emphasis is on using mathematical
and scientific techniques to understand the problems of a technically oriented
society.

The Huntington Two Computer Project has written student-teacher-resource
materials and simulation programs for problems in the social, life, and
physical scilences, Many of these modules can be used as introductions to the
area or as examples of compute} simulation.

The ASA-NCTM STATISTICS BY EXAMPLE [SE], and the accompanying volume
STATISTICS: A GUIDE TO THE UNKNOWN [SGU) provide background articles and
student material for teaching statistics. The MAA and NCTM have undertaken

a similar project for a sourcebook in applied mathematics for use by secondary

teachers,
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The USMES project has prepared a number of interdisciplinary units which
are based on comprehensive studies of real problems of practical significance.
Sample titles of existing units give a flavor of the type of situation being
considered: Traffic Flow, Pedestrian Crossings, Lunch Lines, Play Area Design
and Use, Consumer Research-Product Testing, Designing for Human Proportions,
and Weather Prediction.

There are also SMSG materials, especlally Studies in Mathematics, Vol.
XX, Mathematical Uses and Models in Our Everyday World by Max Bell, Supple-

mentary and Enrichment Series SP-26, The Mathematical Theory of the Struggle
for Life, and SP-23, Radioactive Decay.

It is clear even from this brief list, that there are materials available.

However, it is also clear, as noted in the Project Description, that they are
not widely used. Efforts to provide teachers with information and resources
which will facilitate and encourage use of existing and proposed materials

should prove profitable,
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WORKING GROUP RECOMMENDATIONS

APPLICATIONS

The working group noted that the term “application” is ambiguous in the
mind of the teacher. For example, the term may be interpreted as the reproduc-
tion of an old process in a new setting such as applied to a dif ferent set of
data. The meaning adopted by the working group, however, was the use of math-
ematics in "real-world" situations, issues and problems. The group asserted
that superimposing the structure of mathematics on the world of students is
a motivational technique and that this should be based on criteria which relates
to the life-space of the learners including their personal, peer group and
family interests. The degree tv which an application is personally and/or
socially significant is a crucial variable in deciding its suitability for
inclusion into a school setting. As it was discussed in Dr. Thompson's pos-
ition paper, the group fully agreed that applications should involve an ex-
tensive use of problem-solving processes and the use of model-building as a

way of specifyingand representing a problem.

Recommendations:

1. Involving teachers in applications and comprehensive problem~solving is
difficult but once they have adopted an attitude and operating policy
for comprehensive problem solving this opens the way to applications of
various types and levels. Another problem is that mathematics teachers
tend to avoid interdisciplinary or multidisciplinary activities either
because of an overemphasis on skill building or a lack of knowledge in

other areas or because of a fear of conflicting with another teacher's

41
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domain{eg., should a discussion of batting averages be the domain of a
physical education teacher?) It was recommended that the project present,
in the resources, materials which encourage teachers to develop, within
themselves, a new sensibility toward applications. They need to belileve

that applications are useful to motivate and synthésize specific concepts.
They need to believe that they have the knowledge and techniques to apply
the mechanics of comprehensive problem-solving situations with their

students.

2. The group's deliberations focused on the role of skill-building. A point
was made that skill-building requires separate demands quite apart from
applications, that students will not be able to cope with applications if
the applications are too involved and if the students lack sufficient skills
to solve the inherent problems. The question was raised whether mathema-
tics should be emphasized in school curricula or should mathematics be an
outgrowth of a problem situation. The group seemed to agree that ''schools
teach skills which students never use and expect students to use skills
they were never taught." It was recommended that the project develop mat-
erials which tie skill-building with applications at various levels.

3, In order to determi: . appropriate topics and activities for applications,
the group recommended a two-pronged approach, Students should play an
integral part in the formulation of the problem - applications should be
about things which interest the students and they should be involved in
decision-making processes. Also it was recommended that, whether students
fully accept it or not, initially, there are things which they will need
in order to function effectively ian society about which they should have
some knowledge. Students should also understand the role that mathematics
may play in the formulation and solution of societal problems.

4. The group recommended that structure should be encouraged for applications
in school curricula. Teachers could analyze their current program and
de ‘ide upon a necessary or consensus sequence of learning iIn mathematics
and agreed upon domains of concern in mathematics. They could also

appraise the general arenas of student activity from which applications
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may be drawn. Then a matrix may ba devised which pairs a topic from the
course of study (for example, percents) with an area of student interest
(for example, sports) and establishes possible activities for applications
in the entry of the matrix which relates these. The project could ia-

clude a sample of such a matrix in the resource materials.

5. It was recommended that the resources contain numerous examples of appli-
cations and problem-solving situations. Descriptions of activities should
be provided for teachers to help them develop the mechanics of using appli-
cations with their students. As examples, there could be suggested ques-
tions for teachers to pose to their students to think about over the week-
end: there could be questions which involve a 10-minute discussion in
class; there could be questions which involve an entire class period,
as well as 2-3 days activitiesand eventually long-range activities which
may take weeks or a full term to complete., In this way, teachers could
start small and develop theilr teaching techniques for problem-solving
and applications.

6. It was recommended that the examples of applications which are provided
in the resources should not be sterile or contrived such as income tax
exercises or questions about the amount of concrete needed for a walk=-
way. An appropriate activity at least includes: student appeal, concept
development, laboratory activity, problem-solving and skill development.
The project staff should establish criteria questions which may be applied
in deciding upon the inclusion or exclusion of an application. Some

examples are:

a. What mathematical topics can be connected to it?

b. What levels of understanding are involved or necessary?

c. What resources are needed (materials, maps, etc.)?

d. Does it utilize student-generated data?, readily available data?,
published data?

e. Will students perceive it as problematic .1?

f. To what degree\is it related to the life-space of the adolescent?

g. To what degree does it have appeal and interest to teachers and students?




7.

44

h. Does it relate to socio-emotional concerns of early adolescents?

i. Does it require acceptance of new patterns of classroom behavior?

J. To what extent is it appropriate to "concrete operational"” thinking
stage, to "formal operational” thinking stage, or to the transition
from the former to the latter?

k. Is it an "open" investigation?

1. Does it lend itself to "chunking", that is, to the unifying of ideas?

1t was recommended that the project staff should be familiar with various
studies and curriculum projects. In some of these there are excellent
examples of student-generated data which could provide prototypes for sim-

ilar activities involving mathematics. Examples may be found in the

American Political Behavior Project, in the Biological Scilence Curriculum

Study, in the National Social and Emotional Concerns of Early Adolescents,
in guides from Unified Science and Mathematics in Elementary Schools,

and in the Man-Made World Project. Students may be interested in music,
sports, personal and physical measurements, identification of people,
suicides, etc. These provide potential topics for student-generated data.

It was recommended that the resources contain references for teachers of
other sources from which they could select information for and examples

of applications in which they could involve their students. These refer-
ences could include mention of inexpensive sources such as world almanacs

and publications from local, state and federal governmental agencles.



DEVELOPING TEACHER COMPETENCIES
FOR EVALUATING MATHEMATICAL LEARNING

By LARRY L. HATFIELD
Visiting Associate Professor
Department of Mathematical Education
Teachers College
Columbia University

PRERAMBLE"®

The preparation of this "position paper" was a challenging bhut exciting
task, reflecting my fe:.!ings about the topical resource books project. The
ideas to be found herein certainly need to be discussed and amplified far
beyond what I have managed to accomplish. Hopefully, vur working group(s)
will attempt this during the Advisory Conference. Many leads to reasonable
and useful references have been cited; I hope the reader will be able to find

and review (especially) the starred references prior to our Eugene meeting.

SOME PREMISES AND ASSUMPTIONS

At the outset I wish to voice certain initial points of view which I have
employed in constructing the ideas which follow. My aim here is to try to
clarify and focus some of the fundamental realities, purposes and perspectives
that I see in the production of the evalustion component of these resouce
books.

1. The meaningful and useful measurement of children's mathematical knowledges,

attitudes and developmental readiness can be impossibly complex. A great
variety of intervening factors can essentially invalidate any results obtained

*"Misspelling“ intended by author.
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during an assessment activity. Yet educaiters do attempt to find our more

about a child's knowledges, thinking processes, or feelings., Of course, our
approaches to evaluation must necessarily be pragmatic: ideas, materials

and methods that can be immediately and directly applied to a wide variety

of practicing teachers. At the same time we must exercise caution to avoid
misleading ourselves and our future users with an over-simplified, naturalistic
view of the evaluation task.,

2. Evaluation, to most teachers, seems to be synonymous with testing aimed

at grading and classification, which in turn is embodied almost without

exception in teacher-made, post-unit or post-course {(summative), paper-and-
pencil tasks of recognition or memory {(recall), comprehension and (sometimes)
application. A less-recognized but widely practiced approach to evaluation
is the administration of commercially available "standardized”" tests whose
results are rarely but often erroneously used by teachers. We must develop
for teachers a considerably broadened viewpoint of evaluation activities in
these resource books, The purposes, techniques and timing of evaluation as
well as the analysis, interpretation and application of evaluation results
must be clarified and operationalized. To the extent feasible the approaches
to evaluation must be offered in teacher-ready ideas and materials,

3. The fundamental notion of evaluation adopted for this paper is the
characterization presented by Hartung (1961). Taking as undefined the terms

behavior and situation, he defined threec key terms:

i) experience is behavior in specified situations;

i1i) objectives are desired experiences;

iii) evaluation is the process of finding the extent to which actual

experiences conform to objectives, ‘
He asserts that "...the purpose of education is to change students from a
given state of experience to a desired state by means of a variety of
appropriate learning experiences, some of which may be used as a basis for
evaluation of achievement....Evaluation is the means we use to discover where
we stand on the path between present experience and the objective" (Hartung,
1961, p. 23).
4, The primary concern of evaluation is its use in improving the student's
learning and the teaching. Evaluation is to be viewed as a system of quality
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control whereby teachers and students may frequently and dependably determine
whether the teaching-learning process is effective or not, and if necessary,
what changes should be made to improve its effectiveness. This view implicitly
recognizes that education can produce significant changes in learners and
explicitly sees the need for evidence that certain changes are indeed taking
place in learners as well as the need to determine the extent of change in
individual students,

Bloom, Hastings and Madaus (1971) make a distinction between the teaching-
learning process and the evaluation process. Summative evaluation is viewed
as apart from the instructional process with a clear intent to make a judgment
after instruction or learning has taken place, Formative evaluation is an
integral part of instructlion, using a variety of means to gather samples of
behavior in order to provide feedback informaticn for facilitating learning
and instruction. Thus, formative evaluation should facilitate the pacing of
learning, aid in pinpointing gaps in the student's knowledge or aitfirulties
in the learning due to the student's background, provide reinforcement to and
build the confidence of students, set the stage for a complete diagnosis of
the student's difficulties and their probable causes, and provide feedback to
the teacher tb be used as a basis for modifying the instruction.

5. Wilson (1971)*, Weaver (1970), Epstein (1968), and Avital and Shettleworth
(1968)* have described levels of cognitive behavior in mathematics, Used in a
double classification scheme with different types of mathematical -~ontent, one
has the basis for a two-way stratification of outcomes of mathematics instruc-
tion. Such schemes have been used to formulate the evaluation activities of
several large scale studles of mathematical achievement (see Husén, 1967;
Romberg and Wilson, 1968; Foreman and Mehrens, 1971). The availability and
applicatisn of such a scheme as Wilson's (1971) can help to guide teachers

in writing or choosing test items to reflect the balanced treatment of all
cognitive levels., Such a guide should probably also be used as a kind of
template to fit over the goals, objectives, and methods of instruction to
assure that a balanced emphasis occurs here, too.

*References so noted are recommended for study prior to the Advisory
Conference.
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LISTENING TO "NOISE"

Noise 1is all around us, battering our senses and numbing our brains.
Think of "noise" broadly enough to include not only the auditory din of a
busy metropolitan thoroughfare but the visual gruel served to us through
most of the commercial television programming. Envi-onmentalists discuss
noise pollution and its effects. But there are subtleties that make elusive
the classification of such environmental stimuli. Noise is like weeds:
dandelions are considered gourmet delicacies or nutritional sources by the
Euell Gibbons but are attacked as pests by the Scotts, the Greenfields, and
the Orthos. What is excluded or controlled in one context can be sought
after in another.

All measuremen: is accompanied by "noise", the factors which appear as
interruptive, irrelevant sources of interference or distortion. Scientists
have learned to filter or dampen out the noise accompanying their experiments.
At the same time, important information revealing sources of error and
interesting new variables have been found in what had been considered to be
nolse. Radio astronomers have discovered distant stellar systems in the
"noise" of their observations. Einstein first tested his great theory of
relativity through experiments that sought to measure Important distortions
in light waves coming from a distant star, Science, as a search for pattsrns,
consistencies and predictions, has often considered "experimental noise" as
an important source of information.

Classroom measurement of mathematical learning in the form of objective
paper-and-pencil tasks dramatically dampens-out most of the "noise” that exists
in the teaching-learning context. It is exactly this noise that we need to
seriously consider in producing a more sensitive and effective learning
environment., As I see it, tbe major task of the evaluation aspect of the
resource books will be to sensitize middle school teschers to the existence
of important (heretofore) "noise" in their evaluation approach and to assist
them in using the new information spawned by atterding to, sometimes measuring,
and reflectively analyzing this "noise". 1In addition, attention should be
given in these resource bocks to helping teachers use more completely the
("noise" dampened) information now generated in their objective tests.
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Tvpes and sources of "noise"

T attempt here to freely identify some typlcally overlooked but potentially
significant items of informatlion for the evaluation of learning and teaching.
(Perhaps some attention can be given in our working group to sharpening these
foci, considering others, culling those which cannot be operatior .ized, etc,)
Ignored or dampened-out 'noise" in the traditional evaluation context, these
items represent sources of distortion, delimitation or error in measur.ng
student mathematical knowledges and feelings.

1. Cognitive development.

Almost certainly some poor performances are directly due to the child's
inability to deeply learn (operationalize) particular mathematical knowledges
because of the student's state of cognitive development. Piaget and a large
cast of his disciples have convincingly argued for the importance of considering
the cognitive developmeat of children in relation to learning, This point of
view would integrally connect competence (as opposed to performance) in
mathematics with the presence of prerequisite cognitive structures. Experience
results in Jearning only to the extent that the elements of the experience are
assimilable to the existing cognitive structure. For example, this theory
identifies the emergence of a proportionality schema as the stage of formal
operations is obtained (us' .ily about the ages of middle school children)

(see Lovell, 1971). It is entirely possible that the serious difficulties
that many children encounter in work with fractions, rational numbers, ratio,
proportion, probability, and geometric similarity may be due in part to their
stage of readiness to assimilate the instruction being given,

~ Piaget's theory of cognitive development has perhaps shown how terribly
complex the growth of mathematical ideas can be, but it has not demonstrated
how it can be made easier. Beilin (1971) has noted that the direct translation
of the clinical method, which is useful for researchers as a technique in the
discovery of the constructive processes, to a technology of educational
instruction is at this point unwarranted. Education is "becoming increasingly
organized in terms of mass technology, with more children per teacher, more
materials and more instrumentation per class. The time spent by a teacher
with an individual child is constantly diminishing. Individualized instruction

is increasingly a myth, and instrumented individualization is also a myth, as
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has been pointed out by Plagetians themselves, The Plagetian method, on the
other hand, places its primary emphasis on one-to-oneteacher-gtudent interaction
with individualized teacher response. This is economically and tactically
impossible in today's increasingly crowded schools. What is needed, on the
other hand, is vigorous pursuit of how 'constructive' educational approaches
can be realized with groups of children, which would require instructional
strategies different from the one-on-one 'clinical method'" (Beilin, p. 115).
Some writers and curricula have sought to incorporate Piaget's problem
situations and methods directly into teaching situvations (see Copeland, 1974;
Nuffield Project Teacher's Guides, 1967; Dienes, 1963; Adler, 1966)., Sinclair
(19?1)* observes that "a child's reractions to a few Piagetian tasks will enable
a well-trained psychologist to give a falr description of that child's intellec-
tual level; but teaching the solutions of these same Piagetian tasks to a group
of children does not mean that the children will thereby attain the general
intellectual level of the child who can solve the tasks independently” (pp. 1-2).
What, then, can we reasonably consider from developmental psychology for
use by teachers? First, an attempt might be made to describe in these resource
books the major features of Piaget's theory (see Sinclair, 1971)*. Surely this
presentation must only highlight this detailed theory and particularly emphasize
the concrete and formal operations stages. Secondly, an effort might be made
to discuss the content knowledges of the key mathematical strands (e.g. number
and operation, measurement, geometry, functions and relations, ratio and
proportion, probability and statistics) in terms of the necessary underlying
cognitive structures. Third, describe diagnostic activities (group as well
as individual) for observing whether a child has acquired notions judged to
be basic to understanding the new content (see Riesman, 1972; Steffe, 1971)*.
I recognize that, done carefully and completely, this development will require
vonclderable writing effort. I hope we would view the importance of considering
selected developmental phenomena to be sufficient to warrant the expenditure
of effort,
2. Learning versus testing.
Achievement testing usually addresses itself to finding out what students
kuow and can do. However, consider the incongruence that may occur between

the situations of learning and testing, particularly when instruction seeks
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to employ gulded discovery, laboratory or manipulative activities, or real-
world challenges. To be sure, most tests seem to require that the student
transfer learnings obtained in these more action-oriented group settings to
independent paper-and-pencil tasks. Yet, care and consideration must be used
for developing situations of evaluation that are reasonably similar in design
and conduct to the concrete, active, constructive approach of the instruction.
This becomes especially important when processes of problem identification
and definition as well as strategies C(heuristics) for approaching problems
are part of the goals of instruction. Generally, only inadequate efforts
have been given toward devising testing situations which focus on higher
cognitive processes such as analysis, synthesis, creativity, and problem
solving. An interesting example can be found with the Unified Science and
Mathematics for Elementary Schools (USMES) project evaluation, wherein group
challenges with various materials are used as a direct parallel to the type
of context used in the instruction. Other excellent examples can be found

in the test items offered by Wilson (1971)* and Avital and Shettleworth
(1968)*. It appears that important emphases on manipulatives, on applied
challenges, and on comprehensive problem solving strategies are intended in
these resource books. Therefore, suggestions for examining student performances
and difficulities in a fashion that reflects these emphases must be offered.
3. Wastebasket "noise".

Swart (1974) has echoed the point of view that what children are evaluated
on is what they learn in mathematics., And, furthermore, he contends that the
vast majority of classroom instruments (tests and daily work) involve almost
entirely computation exercises. These instruments very likely mask or distort
what the child really "knows" about these exercises. Probing beyond the
written solution will often reveal a child has either no concrete, meaningful
representation for the exercise (e.g. 2x3 as 2 sets of 3 blocks) oY an
incorrect representation ‘e.g. 2x3 as a set of 2 blocks and a set of 3 blocks).

Examining the strategies and meanings employed by students in obtaining
correct as well as wrong answers can be most enlightening. Lankfoxd (197&)*
describes the computational strategies of seventh grade pupils from 6 varied
school systems, He interviewed and recorded 176 subjects by presenting a set

of computational exercises and encouraging them to describe aloud their
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thinking as they computed. His report illustrates what a teacher may learn
about a pupil's thinking through such oral interviews:

Through individual oral interviews with several pupils in a
class a teacher will soon become aware, maybe to his surprise,
of wide variations in computational strategies employed by
his pupils, He can then plan his teaching either to encourage
and reinforce those variations that are acceptable or to try
to achieve more uniformity in computational practice for his
pupils by getting them to adopt and use a single strategy
approved by him. (Lankford, 1974, p. 32.)

Ashlock (1972)* has emphasized the identification of error patterns in
the written computation work of students, Citing a study by Roberts (1968),
he establishes the value of looking for erroneous algorithmic techniques
which students employ with some consistency. He encourages teachers to
consider possible reasons for the adoption of defective algorithms and to
provide remedial instruction which may recognize some of the possible sources
of error. Providing for mastery of basic facts, emphasizing meaning in the
development of an algorithm, allowing flexibility by encouraging alternative
algorithms, and encouraging skill in estimation (to be able to check if an
answer is reasounable) are presented as important factors in teaching compu-
tational procedures. Numerous specific activities are described to deal
with the remediation task implied by each illustrated error pattern.
Ashlock's ideas will surely be helpful in formulating similar emphases in
the resource books. The identification and avalysis of student errors
represents a major, generalizable perspective for diagnostically-based
instruction; major attention should be given to applying these ideas to
the learning of other items of knowledge besides computation (see Riesman,
1972)%,

4, Sighs, frowns, tears, and fingernails.

Probably the deepest conviction that I hold about mathematics learning
is that it ought to be challenging, exciting, fun, and worthwhile (relevant?),
not only for the teacher but more importantly for the child. I am confident
most teachers would be able to agree with this point of view. And I believe
that the character of learning must especially be this way for middle school-
aged children, The emergence of adolescence can be an especially difficult

emotional time for many girls and boys. I have heard many discouraging
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statements from middle school and junior high school teachers about how
children lose the fresh, uninhibited joy for learning so characteristic of
younger children. The factors contributing to this phenomenon, be it real,
would certainly be many and complex.

The measurement of affective constructs, such as attitudes, interests,
anxieties, self-concepts, values, and appreciations, is more difficult by
at least another order of magnitude than cognitive outcomes, Corcoran and
Gibd (1961)* present an excellent discussion of methods used in appraising
attitudes in the learning of mathematics. While they voice caution in the
interpretation of attitude data due to serious, unanswered issues of validity
and reliability, they do encourage the varied accumulation of attitude
information over time by teachers. Aiken (1972)* has carefully reviewed
the research on attirudes toward mathematics, himself conducting several
studies in this area. .

I have developed this past year (through my own research on problem
solving processes) an even greater skepticism about the self-reporting
scales that seem to be propagating in the measurement of attitudes. Basically,
1 am wondering why these scale authors are not seeking corroborating information
to help support the student's own description of his feelings. Certailu:ly
other overt performances can also be used to help make inferences about how
a student feels about mathematics, the instruction, and himself as a learner
of mathematics.

Establishing guidelines and concrete strategies and materials for
assessing affective constructs should certainly be considered for these

resource books., Yet I believe that we must emphasize the development of

good feelings in students and perhaps worry less about being able to measure
our results, I have an idea that the teacher (if he is honest with himself)
will recognize behavior indicative of positive attitudes and self-concepts
(or their absence) more dependably than the exiﬁting instrumentation will
reliably provide. But what of this "development of good feelings"? I view
this as the overall goal of the resource books. And as Neale (1969) has
correctly pointed out, not only do attitudes affect achievement, but achieve~

ment (success) also affects attitudes.
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5. "Who? Me?"

The teacher, as central figure in the teaching~learning scene, cannot
avoid becoming a part of the "noise” in evaluation. Though not intending to
do so, the teacher can easily gonerate distortion and error in the classroom
measurement of a student's knowledge or feelings. For example, he may be

1) using tests that do not reflect the objectives of learning,

11) writing poor (confusing, incorrect, too difficult) items,

iii) building student anxiety to the point of a debilitating

effect during the test (massing evaluation, one-trial
opportunity, test length, emphasizing grading and peer
competition, caustic personality),

iv) incompletely, incorrectly, ineffectively teaching the

contenE and processes required for performing on the tests,

v) ignoring valuable group and individual information by

failing to analyze in detail the performances (item by
student) obtained on the test,

These resource books should probably discuss the technical and mechanical
aspects of test construction, administration, and analysis. Hopefully,
without becoming pedantic, useful ideas and suggestions can be written to
include the importance of measuring different cognitive levels, the variety
of test-formats for measuring achievement, the dos-and-don'ts of nood test
item writing, the importance of measuring the typically overlookea outcomes
(retention, transfer, attitudes, learning how to read and study mathematics,
creativity and productive thinking) and the student-by~item analysis aimed
at assessing the test itself (Johnson and Rising, 1972*; Merwin, 1961;
Wilson, 1971*).

6. A "noisy” potpourri,

Many other factors related to the child, life in classrooms, the teacher,
the school, the community, and, indeed, our society might be viewed as
measurement "noise”, Among these one might consider:

1) the "cognitive style” of the learner and the teacher

(e.g. reflectiveness/impulsiveness or analyticals;
see Cathcart and Liedtke, 1969);
1i) biophysical basis for learning (e.g. short- vs. long-term
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memory mechanisms; see Davis, 1970);

iii) the achievement motive of the student;

iv) teacher expectation and perception of the child;

v) attitudes of the teacher toward mathematics,
teaching, children;

vi) teacher philosophy or belief-system about
mathematical education:

vil) understanding of the teacher about mathematics,
the teaching-learning process, children's

development and cognition,

"PACRAGING" THE COMPLEX

My purpose in writing this paper has been to stimulate some initial
thoughts toward developing the evaluation component of the proposed resource
books. It should be clear by now that this paper has not formulated the
detailed plan or contents of the evaluation activity of these resource books:
that must be done during and after the Advisory Conference.

However, some previously described points are re-emphasized here to
summarize my position,

1. What is done by the teacher in evaluation will reflect that teacher's
viewpoint and understanding of the broad goals of mathematical education,
the teaching-learning process, and the purposes and strategies of evaluation,
The other working groups will be dealing with the difficult challenges of
packaging content and pedagogy directed to influencing these teacher view-
points and understanding. To .he extent that evaluation activities mirror
the rest of the classroom learning-teaching paradigm, therour material on
evaluation must reflect the materials produced in the other working groups.
In particular the emphases on applications, "new" content, interdisciplinary
and real world problem solving, laboratory approaches to learning, and the
affective outcomes of life in mathematics classrooms must be recognized.

2. Having teachers focus on testing as more than a basis for grading may
be a trivial, but nonetheless, profound result of our resource books, Once

a teacher ''opens up" to other purposes, then one can emphasize the questions
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of cognitive development, formative evaluation, diagnostic vesting, error
analysis, feelings and interests, and testing-as-learning/learning-as=-
testing.

3. Unlike the self-contained classrooms of primary school teachers,
departmentalized middle school teachers may typically not “get close" to
their students. We must encourage teachers to (somehow) arrange to use
individual interview techniques of diagnosing student content strategies,
understandings, disabilities, and feelings.

4.  The use of formative evaluation techniques should lead to testing as a
Btep in the teaching-learning process. Perhaps teachers will learn to use
objectives~based, criterion referenced tests for some (appropriate) outcomes.
A model of repeated testing opportunities may be important in any "mastery”
learning scheme. The no-risk, low-threat nature of offering alternate
versions of a test through a repeated testing approach can permit the focus
to be on identifying those items of knowledge on which additional study may
be required.
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WORKING GROUP RECOMMENDATIONS

DIAGNOSIS AND EVALUATION

The working group readily accepted the positions which were expressed in
Dr. Hatfield's paper and set about to provide the project staff with specific
recommendations. It was pointed out early in the discussion that the project
has a two-pronged potential: first, to effect, or at least to encourage, a
radical transformation of schools; and secondly, to take a more pragmatic view
of organizing materials to stimulate teachers' thinking about cvaluvation. It
was recognized that the former is a massive task but that the project may in
some way contribute io encouraging a new way of thinking among teachers which .
would promote among their students insightful problem-solving and reflective

thirking.

The main thread throughout the working group's deliberations was to find
ways to encourage teachers to more closely look at and understand their students
with regard to student attitude as well as to concept formulation and appli-
cation. The group was well aware that not all teachers will want to evaluate
students, other than for grades by means of paper and pencil tests. However,
it was strongly held that examples of a variety of evaluation techniques should
be described in the resource books from which teachers may select.

Recommendations:

1. An overview of the philosorhy, purpose, and use of evaluation techniques
as a part of the learning process should appear in the resources. This

-

discussion should include:
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a. The role of testing, the technical and mechanical aspects of test

construction, administration, and analysis; and

b. suggestions which focus on the importance of measuring different
cognitive levels, retention, ability to read and study mathematics,
transfer,attitudes, creativity and productive thinking.

As a result of this discussion, and in subsequent references throughout
the resource books, the teacher should be encouraged to view evaluation
not as a method of obtaining course grades but as a process which en-
compasses the idea of cogrnitive development, formattve';nd summative
evaluation, diagnostic teating (clinical as well as paper and pgncil),
error analysis, feelings and interests, and testing-as-learning/learn as
tested,

Although evaluation should play an important role in these resource books,
it must be emphasized that evaluation should support, but not dominate,
the instructional process. Moreover, since a thorough treatment of this
topic may appear to be imposing as a single unit, perhaps a broad overview
»f avaluation should appear as an appendix section to the first book with
references to this section appearing throughout all of the books. (see
Comments - Part A for specific suggestions).

To encourage teachers to employ varied and effective techniques of diag-
nosing and evaluating several examples, capsule descriptions and case studies
should be included in the resources. Exemplars of a variety of types of
tests and testing situations should be an integral part of the resource
books as well as concrete methods for interpreting the results of the tests.
1f evaluatiag is to become an important part of the instructional program,
references to, hints about, and examples of good evaluation techniques

and instruments should appear regularly {(a:d often) throughout all of the
resource books. (see Comments - Part B for specific suggestions). More-
over, when nonstandard testing situations are suggested, recommendations

for classroom management should be included.



3. Evaluation shoul? include the affective as well as the cognitive domain.

(see Comments - Part C for spec.fic suggestions).

Comments?

A. What is the purpose of evaluation? (Why evaluate?)
1, To determine a ‘grade" for the student.
2. To determine "placement" of the student in the mathematics curriculum.
3. To find out what the student has or has not learned.
4. To find out if the teacher has done a good job of teaching.
5. To improve student learning and teacher teaching.
6. To find out if the evaluation techniques are effective or defective,

so as to improve them.

B. What are some evaluation techniques? (When and where should they be used?)

1. Give the students problems to work, and then walk around to help
students and £ind out their difficulties. Routinely sit down, watch
and listen to students work out problems.

2. Administer a paper-pencil test.

3. Provide oral exercises or contests for the entire class.

4. Give problem situations that produce sequences and patterns where
computation skills (or whatever needs to be evaluated) can be nuticed
and checked. (see Finite Differences, Creative Pub. Co.)

5. Administ standardized tests and utilize an item analysis.

6. Give an activity or game that will test certain concepts or skills.
Observe students as they do the activity or game.

7. Have a group of students working at the chalkboard show their work to
the teacher and other students.

8. Find ways to get students to display their work by use of overhead
transparencies, bulletin boards, classroom displays, slides, pictures,etc.

9. Let students help other students,so they are evaluating themselves.
The first time some people really learn mathematics is when they have
to teach it to others. Let students explain things to their partner
or groups or the entire class.

10; Have students write comments and observations about how they worked
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their mathematics problems, describe patterns they see, perhaps for-
mulate conjectures or more problems.

11. Interview students to see what processes they are employing. (see
Lankford: The Arithmetic Teacher, January 1974.) (Note: The particular
mathematics topics to be studied may suggest which evaluation techniques

would be most effective and useful,)

C. What are some affective evaluation techniques?

1. Observe class attendance. Not the students' behavior and working
habits in tasks given in the classroom.

2. Walk around the classroom and listen to comments.

3. Lead a class diascussion where children can talk about their feelings
and behavior. Encourage the students to ask for as well as lead such
discussions.

4. Generate written and verbal comments from students. Have the student
build a long-term documentation of what he does by writing a book or
diary or project reports with his or her thoughts. A diary can give
students the chance to write and express their feelings privately where
only the teacher reads the diary.

5. Talk to students in a small group or individually where a teacher can
show empathy and compassion for the children.

6. Have students fill out a questionnaire on theilr attitudes and feelings
about mathematics. Ask students to identify mathematical topics they
understand and enjoy.

7. Have students write comments and observations on their daily assign-
ments and quizzes as they react to them. For example, when taking a
paper-pencil test, the students may circle words, phrases and problems
they don't understand, even though they may try the problem.

8. Note the students' willingness to cooperate and behave acceptably with
the class and teacher. ‘

9. Look for students exhibiting a sense of humor and a willingness to
talk about their activities outside of the school.

10. Note the students' ambition and initiative to try mathematical problems

and to get involved in mathematics.
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1.

2,
3.
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Note the correlation between student friendliness to the teacher out-
side of the classroom and teacher friendliness to students outside the

classroom.

can certain learning disabilities be recognized? .
Illustrate Piaget's theories in the form of examples with pictures;
give specific mathematical examples which illustrate how students at
different"stages” react to a given sitvation. These examples would
cover how to teach certain mathematical topics in light of, for example,
Plaget's learning theories and how to test children to see if they
understand Piagetian mathematical concepts. Other learning theorists'
ideas should also be incorporated.

Have students discuss what they are doing when they work a problem.
Look for erroneous algorithmic techniques in the students' working

of problems. What are some erroneous algorithmic techniques that
students use? (see Ashlock: Error Patterns in Computation.)




DIDACTICS

By WILLIAM M. FITZGERALD
Department of Mathematics
Michigan State University

East Lansing, Michigan

Didactics: The sclence or art of instruction or education.
(Funk and Wagnalls, Standard College Dictionary, 1968)
Our first task should be to narrow the focus of our considevation. The
topic as defined above is a bit more broad than is fruitful.

When we consider the eventual goal of the project we try to envision
some "Teacher Resource Books" which will in some way help a junior high school
mathematics teacher become a "better" or "more effective" teacher in the class-
room. Implicit is the assumption that the past two decades of curriculum
activity have produced an enormous amount of stuff which is available to a
teacher for his potential self-improvement. The central task is to devise
a medium to convey to the teacher that information which will be useful to
him. So, what information should be conveyed?

Should we describe to teachers what is good and effective teaching of

Junior high school mathematics?

I think we should and the best description of what I regard as good
instruction is contained in the report on IntermediateMathematics Methodology
from O.I‘S.E.[llin‘which we find:

"The focus of instruction 1s the student. With this in mind, the ob-

Jjective of instruction should be to impart knowledge and:
1) to develop, by making use of the inherent curiosity of the student,
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an interest in inquiry and an ability to investigate;

2) to develop whatever creative talents the student may have;

3) to develop in the student a sense of self-confidence in himself,
and in his power to deal analytically with situations;

4) to develop an ability to communicate with others.”

The report continues and describes ways to conduct mathematics classes
and assessthe effects of good teaching. Accompanying this paper are excerpts

from that report selected by Oscar Schaaf.

Are there research results available which would be helpful to teachers

in junior high school classrooms?

Many people have thought long and hard about how to measure varioua
[2]

as 1) cognitive systems, 2) affective systems and 3) multi-dimensional systems.

aspects of the dynamics of classrooms. Yamamoto' ™ “characterized these attempts
Probably a teacher who understands something about these measurement systems
will be able to be more effective in the classroom than one who doesn't. For
example, a teacher who knows what an ild ratio and an I/D ratio is in Flanders'
Verbal Interaction Analysis Systgm wculd probably have a better appreciation
for the dynamics of a clasaraom.[3]
But, as we approach the task of trying to help a teacher be more effective,
the results of the research to date are not very helpful. ‘The present state
of affairs is summarized well in the last chapter of Yamamoto.

Can we help teachers develop congruence between their teaching practices
and the psychological and philosophical assumptions with which they coancur?

How a teacher behaves in a classroom is the function of many things which
include his own value and belief systems. It seems that a teacher who is
aware of his own belief system and his own value system will be able to move
toward a teaching pattern which is more nearly congruent with those systems.

Certainly no single learning theory is going to be adequate to provide
guidance in the immense variety of complexities which inhabit a typical
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classroom. However, a catalog of the various ways one can view man, his basic
nature, and how one learns could be helpful for a teacher to arrive at the
congruence discussed above. One such catalog is shown in the chart (see page 68)

[4]

which comes from Bigge™ .

One particular desirable aspect of the congruence between a teacher's
behavior and his belief systems is the relation between his evaluation system
and his value system. Much criticism of common teaching and testing practices
cite the excessive influence of early S-R psychologists. Brownell, long ago,
described instructional weaknesses which exist in many classrooms yet today.ls]
The weaknesses were listed as follows:

1) Our attention as teachers is dixected away from the processes by
which children learn, while we are overconcerned about the product
of learning.

2) Our pace of instruction is too rapid, while we fail to give learners
the aid they need to forexall or surmount difficulty.

3) We provide the wrong kinds of practice to promote sound learning.

4) Our evaluation of error and treatment of error are superficial.

Systematic attempts to help teachers provide and evaluate higher level
cognitive instruction are of relatively recent origin. The taxonomy of the
cognitive domain by Bloom[6]has helped focus thinking in all areas of school
subjects,and work such as that of Avital and Shettleworth[7]can be helpful
specifically to mathematics teachers attempting to raise the level of their
intellectual interaction with their students.

Stidl more recently developed is the taxonomy of the affective domain.
The implications for teachers of the increased attention tc affective aspects
of classroom teaching are far from clear at this point in time but the work
of Reismanta]is a good beginning in that direction. She discusses the levels
of human needs as described by Maslow, Krathwohl and Carl Rogers and con-
cludes:

"Since attitudes and emotions seem to be directly involved in learning

mathematics, a diagnostic strategy of teaching mathematics must include
skills in investigating a student's affective domain.” (p.111)
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It 1s sobering to consider the distance between a typical middle school
mathematics classroom as it exists today and those conditions which would
have to exist to fulfill the implications of Carl Rogers' works which would

"permit the student at any level to be in real contact with the reluctant
problems of his existance so that he perceives those problems and issues
which he wishes to resolve." (p.118)

As 1f the task of a teacher were not sufficiently difficult when all of
the cognitive and affective factors need to be considered, there is also a
wealth of informatior about the tools of teaching which help to enrich a
teachers repertoire. The effective teacher is familiar with the specialized
medla for teaching mathematics and also with the more generalized media des-

[9]

cribed in a reference such as Wittich and Schuller.

In the last ..~alysis the key to the existence of good, effective teachers
in the classroom will lie in the desire on the part of the teacher to be effec-
tive and in some systematic procedures for helping teachers to assess and im-
prove themselves. A good beginning in this direction appeared in two issues
of Learning in April and May, 1974. 1In those articles, Curwin and Fuhrmann

discussed how a teacher might assess his own value system and teaching skills‘llol

There may be other aspects of didactics which deserve consideration by
the project and if so, they will probably emerge during the conference. In
the mean time the bibliography will serve as an initial suggested reading
list for the project staff.
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WORKING GROUP RECOMMENDATIONS

DIDACTICS

In reacting to Dr. Fitzgerald's position paver the group noted that
teachers generally do not perceive of psychology as a tool in instruction.
Teachers are often textbook bound - placing an overemphasis on drill while
lacking an attitude toward problem-solving. Teachers must be viewed as managers
of the instructional procehs - managers of time, space, materials, environment,
equipment and people. Each teacher has a theory of instruction which is unique,
and they should be provided with tools to enable them to make decisions about
the learning situations they provide for students which are compatible with
their theory of instructionm. '

The purpose of the didactics component of the resources should be to
provide teachers with a store of procedures to use in planning for instruction.
These procedures should be justifiable in the sense that they have a theoretical
and/or empirical base. They should be communicated by example in order to
increase the probability of teachers using them. The following recommendations

contain likely candidates for these procedures. They are not ordered by
importance nor is the list complete,

Recommendations:

1. The resources should encourage teachers to use a variety of embodiments for
each concept. Some should be in a figural mode, others in a verbal mode
and still others in a symbolic mode. The resources should include specific
examples of learning theories and how children learn mathematics.
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The resources should show teachers how they could distribute (as opposed
to massing) practice over a period of time. Most drill and practice can
be accomplished through a variety of pleasurable activities and investiga-
tions. Problem-solving can be interwoven with drill, and the resources
should contain examples of this.

Teachers should introduce most concepts at a concrete level. The resources
should show how this can be done for a variety of mathematical concepts and
emphasize the mental processes which are required for transition to formal
levels.

Teachers who are aware of, for example, Flanders' Verbal Intsraction Analy-
sis System or transactional analysis may have a better appreciation of the
dynamics of a classroom. The resources should make teachers aware of the
various interactions within their classrooms.

Different techniques for managing students in a classroom should be stressed.
This could involve using mathematics laboratory approaches, small group or
team work and soliciting feedback from students. The resources should en-
courage- teachers to be group facilitators,

It was recommended that the resources emphasize concepts which teachers will
realize are important. Irrelevant dimensions of a concept may be seen as
such, if the teachers are provided with a rich enough set of positive attrib-
utes. Teachers should provide children with both positive and negative
exemplars of concepts.

The resources should encourage teachers to use positive reinforcement in

a selective but essentially intermittent fashion for each learner.

The resources should provide examples of how teachers could use perceptual
models for concepts which are consistent with the concepts.

Given more than one procedure or algorithm as the goal of an instruction
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sequence, teachers should be made aware of interfering factors cof learning
one for the other. The resources should plant questions, such as: ‘'Have
you thought about ...?" These would help teachers become aware of the
learning difficulties which are experienced by their students.

Teachers should be encouraged to provide their students with the opportunity
to assume responsibility for making and testing their own mathematical con-

jJectures.

The resources should encourage teachers to provide their students with

the opportunity to set goals for their own learning. Also, students should
know what they are expected to learn and be provided with some alternative
ways for obtaining these goals.

Teachers should be encouraged to adjust imstruction according to what the
child knows. But a lack of readiness 1s not a valid reason for "protecting"
children from mathematical experiences. For example, if students are having
trouble with some aspect of computation, they should not always be expected
to demonstrate complete mastery before being exposed to other interesting
mathematical ideas.



TEACHER UTILIZATION

By ALBERT P. SHULTE
Oakland Schools
Pontiac, Michigan

PART I

In any curriculum endeavor, teachers play the key role. No matter
what the quality of text materials, no matter what supplementary resources are
provided, no matter what manipulative or audio-visual devices are availadble,
no matter what special facilities are present in the school, what the teacher
is and does determines the success or failure of the program. Of course,
a skilled teacher, as any skilled practitioner of his art, can function more
effectively given better materials and resources. However, a master teacher
can overcome deficiencies in the text, in the school environment, and to some

extant, in the backgrounds of the learners themselves.

Recognizing the importance of the teacher, it is imperative that this
project build as much as possible on the expertise and the strengchs of the
teachers who will be involved. They should be invelved in all stages of the
project, not just handed materials and told to go teach them. They must feel
themselves active participants in constructing, testing out, and revising the

topical resource books.

In addition, the teachers must be specially trained to carry out any
teaching strategies which would not be in their normal bag of tricks. They
must be provided with the opportunity to work with the activities in the
resource books in much the same way that their students will, with the major
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difference the faster rate at which teachers can absorb the material.

It ia my understanding that teachers will be doing a great deal of the
work of putting together the resource books. This means that special care
must be taken to get the maximum out of the participating teachers in the
minimum time. This may require the setting of fairly stringent deadlines -
developing quality materials tends to take much longer than anticlpated, and
a tight deadline schedule keeps the matarials flowing.

In this project, there are six major ways in which I see teachers func-
tioning effectively, in additica to their role of trying out the resource
books with children in actual classroom situations. It is to these uses of
teachers that the rest of the paper will be directed.

1. The teacher is a source of .deas about appropriate topics and approaches.

Not all teachers will be effective in the actual process of writing -
putting words down on paper. However, most, if not all, of the teachers
involved will be rich sources of ideas for content which should be in-
cluded, for teaching strategles which are effective for presenting parti-
cular concepts, for developing games and activities which will promote

learning.

Those teachers that are particularly fertile sources of ideas should
have some time where they can interact with each other and with the
persons who are writing the resource books. They can serve as a creative
influence, by brainstorming or providing ideas, which others can refine
and set down on paper.

2. The teachers, with appropriate experience, can be highly effective writers.

In the Oakland County Mathematics Project, as we proceeded to f111 staff
positions, we sought people with particular interest and experience with
non-college aspiring students and with creative ideas. We did not look
primarily for past evidence of writing skill, although several staff members



76

had some previous writing experience. The assumption was that given the
{deas and the interest in the students, writing skill could be developed.
This turaed out to be a valid assumption - the staff developed into
accomplished writers in a relatively short time.

However, this brings up a word of caution. The project writers were
employed full-time to write, to develop assoclated audio-visual and
manipulative materials, and to conduct in-service sessions. They did not
also have the responsibility to teach classes. It is unrealistic, in my
judgement, to expect teachers to teach part o. the day and nrepare materials
during another part. When teachers are teaching classes, they tend to
be, first and foremost, teachers and tend to spend most of their non-
teaching professional time thinking about the classes they are teaching,
rather than turning tkeir minds off to the classroom and on to the writing
task.

Then, how can teachers be used effectively in the writing task? 1In
oneof several ways. An obvious solution is for the teachers to write
Juring the summer, developing materials that will be tried out and modi-

tied as a result of classroom use during the acunool year.

Another solution might be to rotate teachers from the classroom on
a regular basis. Teachers could be released from classroom teaching for
neriods of three or four weeks, during which time they have the respon-
sibiiity for writing particular sections of the resource books. Possibly
one or two teachers could be employed full-time as rotating teachers, to
go in and take the writer's classes to provide them the necessary release
time. Or, poseibly some teachers could be paired in a one-month-on,
one-month-nff fashion, so that both are teaching and both are writing.

The perindic rotation of the teacher from classroom activities to
writing and back again has some obvious advantages. It keeps the writer
" in close contact with children, so that the materials developed .re more
realistic. It gives him the opportunity to try out his ideas in a class-
room known to him, which means that the classroom tone is already set,
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and the halo effect may be lessened. It also breaks up the writing task,

so that it does not become as tedious.

The teacher should serve as a reactor to drafts of all materials produced.

Drafts of all sample units should be circulated to teachers and write:s.
The teachers will be able to react to the materials from the point of
view of the children they are teaching.

Again, to insure the rapid flow of reactions and suggestions back to
the writers, fairly stringent deadlines should be set. Provision should
be wade for teachers and writers to meet together to ‘liscuss the materilals
after the reaction time. Many reactions can be presented more effectively
and forcefully in verbal interaction than through the written woxd.

v

The teacher is a source of feedback as to the effectiveness of the re-

source books.

There should be regular opportunities for teachers to provide feedback
on the materials. Our Oakland County experience was that this is best
accompiished by brief meetings, possibly as a regular part of in-service
sessions. It is useful to group teachers who have teen teaching the same
material together, and have them interact directly with the author of
that material.

In addition, teachers should bz encouraged to write corments in a
copy of the resource book, and return these notes to the authors for use

in revision.

The teacher can serve as a suggester of alternate teaching strategies or

supplementary topilcs.

This can occur at any stage, but will probably happen most frequently
at two times. (1) When the teacher reads -a draft of a topic, he may
think of other effective ways to approach the same topic. (2) When
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teaching the materials, he may be forced to develop alternate strategiles,
finding that those suggerted in the teaching materials don't do the job
with his class,

In any case, teachers should be encouraged to share thelr approaches

to project topics on a regular basis.

6. The teacher may provide special expertise in particular areas.

Every effort should be made to learn these particular strengths and
buil' on them. This might imply designating teachers with a particular
flair for geometry oy measurement (for example) to write in those areas.
Some teachers may be particularly strong in developing gam~s or audilo-
visual materials; others may be particularly effective in teaching in a
laboratory fashion.

Since the teacher is the key to the project, each of the teachers must
be made to feel it is their project. They should feel free to make sug-
gestions, to try innovative approaches, to develop materials beyond those
suggested to them, and to disagree with the wmathematicians and mathematics
educators who will be advising them. A project that is developed for
teachers and in larze part by teachers has great potential for improving
the instruction of mathematics at the middle school level.

AR}

PART 11

How to Provide for Optimal Use of the Resource Books by Teachers

In order to ensure that teachers will make effective use of the resource
books, it is not enough simply to prepare the materials, try them out in
classrooms with especially interested, highly motivated and able teachers,
and to certify them as classroom-proven. Most teachers, to be able to use

the rasource books in anything like the manner for which they are designed,
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will have to undergo a major change in their point of view. They will have

to meve from being curriculum followers ( where the curriculum consists of

covering as many pages as possible in the current text) to being curriculum

planners. Teachers will have to make decisions about the particular topics
to be emphasized in their class that year, the level of achievement to be
expected in those topics, anmd the type of classroom organization and topic

sequence that will best accomplish these aims,

This will be a big move for most teachers. It cannot take place simply
by osmosis, by putting the materials in their hands and telling them how nice
it would be to teach from a set of resources instead of a textbook. They
must have planned in-service experiences in such areas as: selecting appro-
priate educational objectives (in the broad sense as well as the behavioral
sense); planning approaches to particular topics (including laying out the
learnlng sequence, selecting the teaching strategies, selecting or preparing
materials for related activities, and evaluating the progress made); diagnos-
ing student difficulties and prescribing particular remedial activities; allow-

ing different stulents to use algorithms, activities, techknlques.

One of the common findings of most curriculum projects is that teachers
should experience the activities that they will be using with the children.
Of course, the time frame can be much reduced, and there should be follow-up
discussions of possible problems, of alternative strategies, and of reasons for
using these particular approaches. However, the involvement of the teacher |
in these activities is a key to his acceptance of their suitability for

the students he teaches.

School districts who undertake to use these resource materials should
commit thumselves to !eguiar‘meetings of the mathematics teachers, for the
purpose of mutually planning the curriculum, both at a particular grade level
axd over a span of grades. The teachers in that district should xreach agree-
ment as tn the basic sequence, and as to what topics could be set aside for
enrichment (and at what level), so that the teachers do not simply teach

their "hotby" areas, and so that students do not arrive at a particular
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grade level having seen all the "goodies" that the new teacher has to offer.
These regular meetings should also be used for discussion of the program and
the way in which it is working, for adding local techniques of materilals
found to be particularly effective, and for modifications in the program

as the need for change becomes apparent.

A technique that seems particularly wellacepted for local districts
is to provide teachers & week or two of baric orientation to a new program
in the late summer, before they are to begin teaching the new materials.
This will provide an overview of the whole program, allow the teachers to
become accustomed to the resources and thefr organization, allow them to do
some of the basic planning, and allow them to pursue in depth the first few
topics for the year. Throughout the year, in-service sessions should be held
a few weeks before the materials are to be used in class - as close to the

actual time of use as possible.

Tsr wide dissemination of the materials, possibly the best technique
would be to train key teachers in local districts in a comprehensive summer
program and sead them back to the local districts to conduct the in-service
sessions in those districts. This would require commitment from those dis-
tricts in providing materials, secretarial help, release time, and the oppor-
tunity for the key teachers to visit classes to see how the resource booklets

are being used.

Publicizing the resource books developed by this project through articles
in periodicals is a uecessary thing. However, it is by no means sufficient.
Until the typical middle school teacher becomes a person who actively plans
his own curriculum and selects his objectives, materials, and teaching strat-

. egles, it will not suffice to say through a national publication "Here is
a new set of exciting materials! Come and try them!"

Characteristics of Resource Books

Insofar as possible, the style of the resource materials, when address-—

ing the teacher, should be conversational. The materials must show how the
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particular activities fit into the overall plcture, the purpose of each
activity or teaching strategy should be set forth, and possible pitfalls

should be pointed out. The mathematics should be correct but not pedantic.

Tcpics should be presented in as great detall as possible. It is
not sufficient to outline things in a sketchy fashion.

Teachers are sensitive to format. The materials must be easy to read,
appealing to the eye, and it must be possible to find things rapidly. The
most popular single format with teachers is to present student pages in re-
duced form, with the teacher notes or information “"wrapped around" the margin
of the student page. In such a format, it is aiso helpful to provide answers

on the reduced student page.

Providing the materials in loose-leaf form in ring binders, with some
blank pages at the end of each topic, will allow the teachers to add their
own comments, and make useful additions to the materials. It will also
allow them to reorganize the sequence of topics to fit the needs of their

particular class or their teaching style.

Teachers should be encouraged to share their own successful techniques,
additions to or adaptations of the materials wlth other teachers in their
districts and with the project staff. Bulletins could be released from the
project periodically, featuring these innovations, giving the teachers who hau
developed the ideas appropriate credit. i

The resource books should indicate the preferred class organizacion for
particular topics or activities (e.g., groups of 4, groups of 2, whole-
class instruction). When students are working in groups, the roles of each
group member should be specified as much as possible. Teachers will need
guidance in organizing their students for different tasks. Classroom manage-
ment is one of the big problems in any program which moves away from "all

eyes on the teacher and chalkboard up front."

Probably the most important characteristic of the materials in the
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resource books is that they deal with topics perceived by the middle school
teechers as important. There will be little problem in getting teachers to
use materials related to the teaching of fractions and decimals, since these
areas are seen as part of the backbone of mathematical work at the middle
school level. The materials on ratio, measurement, geometry, probability
and statistics will require more selling, or the topics treated should be
handled in an especially appealing manner, since teachers percelve these

as less in the mathematical mainstream.

Since middle school teachers focus primarily on teaching of compu-
tational skills, particular attention should be given in in-service sessions
to the need for developing problem-solving skills., Most teachers will give
1ip service to the need for students to solve problems, but when the chips
are down, they wili spend a much larger percentage of their teaching time
on computational skill., If problem-solving is to be a major thrust of the
materials, this must be "sold to the teachers from the beginning. Also,
teachers must be led to see that greater emphasis on problem-solving does
not mean less performance in computation. Of course, one can argue that there
is no point in being able to compute if one cannot apply this skill to solving
problems, but many, if not most, middle school teachers think of computational
skill as an end in itself.

The applications to other subject areas (sclence, social studies, or
what have ) ou) must also contain sufficient detail that the teacher will
reel com’ortable handling the related discussions. Many teachers hesltate
to use applirations because they ar: afraid of the questions interested
students may raise that they cannot answer. This also highlights the need
for a good bibliography in each of the areas of application.

1f possible the applications should be real and realistic, not top
contrived or "hokey". This is somewhat a limiting factor, since real appli-

cations tend to have all sorts of non~mathematical complicatioms.



WORKING GROUP RECOMMENDATIONS

TEACHER UTILIZATION

The title: Teacher Utilization was interpreted by the working group
in the following two ways: as teachers would be used on the staff in devel-
oping the resources, and how the materials could be put to use by inservice
teachers. These interpretations were treated separately in Dr., Shulte's
position paper which was positively received by the members of the working
group. It was evident that the group had more interest in the second inter-
pretation and this is exhibited in their recommendations to follow. The part
of Dr. Shulte's paper which dealt with the first interpretation has been very
helpful to the project director in planning for and identifying staff to work

on the project.

It was noted by one group member early in the deliberations that the
main purpose of the project is to "open up" and make more flexible teaching
terhniques. This comment received gereral agreement by the group and seemed

to pervade the entire discussion.

Recommendations:

1. It was recommended that the student materials in the resources be directed
for use with grades five through eight, Secondary school teachers could
possibly use these materials in general mathematics at all levels.

2. "umanize the materials. Make the activities relevant for children - the
human body ic espz2cially relev-nt to children of this age. ( a good source

83
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is You and Me by Richard L. Kimball). The materials could be written to
encourage teachers to look more closely at their environment and identify
things with which children can become involved. Various questions and
arithme:ical activities can arise from a field trip or a discussion of

local vusinesses or athletic events. Encourage teachers to listen to the

children for other sources of questions and mathematical activities. Suggest
that students write their ocwn stories which may dramatize a particular
arithmetic problem in order to more personally involve the children in

the mathematics.

3. Tt was recommended that the resources be written so that they can easily
tit into an existing program. This may be dune by identifying ‘he topics
which are involved in the student pages. It was suggested that a separate
pamphlet be written which correlates the resources with major ‘extbook
series. This may aid those teachers who are "textbook prone" to open up

and try new approaches.

4. A variety of approaches should be included. There may be sample lessons
with specific directions which teachers could follow. One could start with
standard large group instruction and lead to ‘-arious models of instruction.
A simulated activity could be described with a suggested teacher's dialogue
provided. Teacher pages with attentiuvn-getting (Aba!) questions or ice~
breakers could be presented together with suggested techniques for follow-
up so that a traditional teacher would become involved in and experience
more teaching options. It was suggested that most teachers have difficulty
in getting started on something new and then later recognizing potential
extensions. This should be considered in developing the resources.

5. The materials should encourage teachers to use alternatives to paper and
pencil activities. There should be suggestions for scrounging hints - for
sourves of free and inexpensive materials and suggestions for how teachers
and their students could make and use manipulatives.

6. It was recommended that tke project not attempt to define nebulous "demon-
strated competencies"” but rather include the kinde of activities which
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lncorporate skill building and emphasize children's invelvement in the
activities. It was suggested that for ease in teacher use a reference
system skould be used which identifies the activities as, for example,

diagnostic, concept forming, drill and practice, and eval:ation.

7. For teacher convenience and to encourage more extensive use it was recom-
mended that certain activities be repeated in several resources as they

may pertain to the topic of the resource.

8. It was very strongly recommended that the resources encourage teachers to

become curriculum planners - at least with reference to their own classes.

The working group discussed other important corsiderations such as the
use of mini-calculators, the current over-emphasis on basic skills and various
strategies for disseminating and implementing the resources. These topics

are aiso reported on by other working groups.




WORL.ING GROUP RECOMMENDATIONS

PROJECT DEVELOPMENT AND STAFFING POLICY

The group discussed the organization of the project and the use of teachers

as writers. Experiences from three previous curriculum projects were represented

in

1.

2.

5.

6.

7.

8.

9.

the deliberations. The following suggestions were made:

Writers working in isolation tend to be far less effective than having
people work iogether on a task. Experience has shown that teams of two

or three writers seem to be most effective,

It is goo?! to have a writer-coordinator on the project, someone who knows
the overall picture for the project and who coordinates the different teams.
The entire staff should meet as the need demands in order to discuss gques-
tions about the project.

The writers should be out in the schools using the materials with children
or observing the manner in which other teachers use the materials.

It is wise to have people other than the original writers do revisions and
editorial tasks related to the materials.

Assign writers special subject :.itter responsibilities so they can make
suggestions for the inclusion of ideas to other teams.

It is essential to have an adequate staff do the job intended in the project.
Plan to have at least one full-time artist on the project.

Teachers will develop as writers. They will learn from their experiences
and improve their methods of writing and their use of laboratory techniques,
puzzles and the like.

The staff should know the bounds of their working conditions. There should
be guidelines and rules.
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10. Maintain stringent deadlines and clamp down on them. Avoid Nemingway 's

desease - revise, revise, revise.




WORKING GROUP RECOMMENDATIONS

FORMAT AND STYLE

The group discussed the design, appearance and format of the resource
materials. Comparisons were made between existing materials and the way teachers
respond to different types of commercial materials. The group agreed that the
project staff should decide ultimately on the format and atyle that the re-
sources take. The following suggestions were made:

1. The resources should be attractive. They should include several diagrams,
easily read narratives and enjoyable examples and activities;

2. The resources should be easy to use by teachers and to adapt to classroom
activities.

3. 1t should be easy for teachers to personalize the resources - to add new
materials as they are encountered and continually up-date the materials.
For this purpose it would be best to leave the resources unbound.

4. The staff should consider several packaging possibilities such as loose-
leaf notebook form or indexed file buxes.

5. A package could consist of a collection of (i) card files, perhaps color
coded according to topic, which are designed for teacher use and so indi-
cated; (ii) a loose-leaf collection of student materials which could be
keyed to overview books for teachers; and (i1ii) bound overview books which
might be similar to the Time-Life series book Mathematics.

6. There could be four overview books which deal with learning theories, use
of manipulatives, diagnosis and evaluation, and éiudent self-concepts with
respect to the different mathematical topics. The overview books could
deal with the topics: Number, Geometry, Probability and Statistic:, and
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Applications.

Other media should be considered as possible additlons to or inclusions in
the resource packages, such as sllides, cassettes or video tapes. A lively
cassette package with investigatlons for students might be well received.
Size and shape of the resources must be carefully considered.

The indexing system should not be too complicated and it is probably wise
to avoid an excessive use of color for coding purposes.

Avoid the use of educational jargon and deep philosophical considerations.
The teachers should not be intimidated by the resources.



WORKING GROUP RECOMMENDATIONS

PROBLEM-SOLVING

The group discussed the role of problem-solving in mathematics courses
generally and the way the project should approach problem-solving. More
questions were raise] than were answered in an attempt to glve focus and

definition to the toric. Professor Wicklegren's book How to Solve Problems

was referred to often during the deliberations as the group searched for some

structure for problem-solving activities at the middle school level in mathe-

matics. The following suggestions were made:

1. The project should encourage teachers to involve themselves more in problem-
solving and to develop reflective thinking on the part of their students.
Problem-solving should be one of the important goals of education.

2. The group suggested tnat the CUPM recommendations for teacher training may
have done a great deal of harm due to the overemphasis on mathematical
content while avoiding the methods and processes of problem—solving.

Teachers generally do not have an awareness or positive attitude towvard

open investigations, and this seems to be encouraged by the actions of
university personnel toward teachers. It may be that the materials developed
by the project could induce changes in pre-service programs, both in the
mathematics and methods covrses which are taken by teachers.

3, The way people are tested tends to discourage problem-solving. This is
especially true of standardized tests in mathematics. The project should
make a study of this as well as look for ways to test problem-solving
abilities.

4. Another inhibitor of problem-solving activities is that teachers and students
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tend to be answer oriented. It is likely that there is security and

satisfaction in "getting the auswer."

The project staff should consider

psychological aspects of problem-solving. Prcblem-solving activities

incorporated in the resources might be written to encourage confidence in

an ability to tackle problems on the part of teachers as well as students.

Most of the available curriculum materials and textbooks are not oriented

toward problem-solving. It will probably be necessary for the staff to

do less synthesizing in this area and do more creative writing. Look for

ways to establish proper environment for students to begin and become

invelved in problem-solving activities which are close, initially, to

traditi-~aal settings and topics.

Problen—z>lving should be closely interconnected with content ideas and

possibly interrelating mathematice and other subjects.

There is a need to crystallize some methods for problem—solving. The

projeci should attempt to establish some structure for problem=solving

working in the framework of what schools are expected to do and ways to

do it. A small set of rules would be best for such a structure to Increase

the chances that people will be able to remember and apply them.

People need lots of experience in working a variety of problems in order

to develop the psychological and intellectual muscle to solve problems.

These should be provided by the project.

It is not necessary to work on problems in isolation. The resource mate-

rials should encourage various formats for problem~solving activities,

such as small group interaction, students working with their friends or

obtaining information and ideas from others.

To plan for the organization of the problem-solving component in the re-

source materials the staff could use the following outline:

a. Search through the literature and organize the available information
on problem-solving.

b. Invite consultants to help in developing a structure for problem-solving.

¢. Identify some good problems and try them out with children. Do a lot
of "kid-watching” to see what happens.

d. Establish proper settings for problem-solving activities.

e. Do a sales job which proves that problem-solving 1s a legitimate
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objective in education.
f. 1Ignite the idea of problem=solving within teachers and provide them
with good materials to use with their students.




WORKING GROUP RECOMMENDATIONS

CALCULATORS

The group discussed a variety of calculating devices which could be
used in schools and the manner in which they could be used by students. It
was pointed out that the project is timely because of the accessibility of
inexpensive hand calculators and the increasing momentum in the country to-
ward the metric system, With the metric system of measurement there will
likely be an increased emphasis on decimals which are handled so readily with
electrcaic calculators. The group made the following suggestions:

1. The project should consider the inclusion into the resources of a variety
of calculators - even some of the classical ones. Some of these illustrate
mathematical concepts more easily than electronic calculators. As examples,
an abacus may be used for place-value, a mechanical device with gears
may be used to show borrowing or carrying, a slide-rule may be used for
approximation. Other calculators which should be considered are tash
registers, Napier's rods, Papy's minicomputer, Whitney's computer, nomo-
graphs, tables and the human hands, to mention a few. There are several
others which are available commercially. Hints should be given to teachers
to demonstrate huw they can make some of these devices inexpensively.

2. Teachers would probably welcome activity pages which involve students in

some creative uses of calculators.

3, Electronic calculators will be used increasingly in the schools, but it

is not at all clear what affect these will have on arithmetic programs.
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The project should look for ways which influence meaningful use of these

instruments in the schools, such as:

&

b‘

Ch

d.

e.

Students could use calculators to check the results of their hand
computations.

Teachers could use calculators to reinforce certain arithmetical
ideas.

Students could use calculators to aecide on which operatioan to use.
An example was given where a group of four students work together on
a problem and a calculator is passed from ome to the other - each
student working part of the problem and deciding which button to
press,

Calculators cculd be used to derive formulas or algorithms.
Calculators could be used to illustrate how the distributive law,
for example, is used to devise easy ways to compute.

Calculators could be used to set the stage for limits with iterative
procecses.

Calculators could be used on real world problems which may involve
prohibitive hand calculations.



WORKING GROUP RECOMMENDATIONS

COMPUTERS

The group began by discussing some problems and practices of computer
uses in the schools and quickly incorporated the role of electronic calculators
into the deliberations. It was pointed out by those closest to recent
technological developments that hand calculators will soon be available which
are equivalent to the large scale computers of just a few years ago. Also,
inexpensive hand calculators are already available, and it is likely that these
will effect an easy transition to a more widespread use of computers with
larger capabilities into school curricula. The following suggestions were made:
1. The increased availability of computers and calculators will likely have a

dramatic effect on the mathematics content which will bec taught in schools.
The project should bring this message to teachers and encourage a re-
appraisal of the topics presently taught and the processes involved.

2. With an increasing use of the metric system decimals will likely take on
more importance and fractions less importance in school curricula. The
resources should emphasize the uses of calculators with whole numbers and
decimal numbers an¢ the way fractions may be viewed within these contexts.

3. There could be an increased emphasis placed on problem-solving in the schools
as the anemand for computational skills diminishes. The project should
encourage this and provide teachers with materials which use calculators
and computers in problem-solving activities.

4. There seems to be a resistance on the part of teachers, generally, to use
computers in theilr classes. This even applies to those teachers who have
computer literacy. This may be caused by lack of adequate facilities as
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well as management problems and lack of time for planning. The preject

could provide teackers with examples and sufficient student materials

which encourage them to more actively include these tools into their
curriculum. An example was described of a mathematics course involving
computers in which the teacher assigned problems to small groups of students.
The students were to plan an algorithm which would solve the problem. They
showed their algorithm to the teacher and when the teacher felt that the
algor._thm was déveIOped sufficiently, the students were allowed to run their
program. Examples such as these could be described in the resources.

The resources should contain problem situations for students for which

there is no right answer and for which iterative processes might be used

to arrive at an acceptable approximation. Such examples illustrate a need
tor the computational potential of calculators and computers which extend
human abilities. For so many problems in the real world there is no "exact
answer." The resources shoulcd remind and make teachers aware of this.
Calculators should be used at the lowest levels in the schools and continued
throughout. The project should survey what has been done with young children
as well as obtain information from on-going projects. For example, the
project should try to obtain information from the on-going project at Indiana
University which uses hand calculutors in problem-solving. John Kelley at
the University of California, Berkeley is doing some work with calculators

as well as Tom Romberg and Fred Weaver at the University of Wisconsin and
Larry Hatfield and Les Steffe at the University of Georgia.

Computer simulations are excellent opportunities for students to personalize
their learning experiences in school.” Some students who fit the pattern of
the "junior high slump,” which was described in Dr. Davis' paper will reverse
themselves with activities on computers. The resources could alert teachers
to this possivility of more effectively venting student energies.

There are "computer bums" in schools which teachers could effectively utilize
in their classes. These are students with vast interests in computers and
who have developed rather sophisticated knowledge — sometimes to the exclusion
of doing other school work. These students could form a "computing squad"

at their school which help other students and teachers with computing. The

resources could describe such possibilities and encourage them,
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